Giao trinh Toan Cao Cap Phan 2. Giai Tich

PHAN 2
Chuwong I : Ham sé.
Chuwong II: Tich phan .
Chwong III : Ham nhiéu bién .
Chwong IV : Phwong trinh vi phan .
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Chuong I

HAM SO

§1. KHAI NIEM VE HAM SO

1. Bai toan:

C6 Hong thué sap gia 30 dong mot ngay dé ban vai, mdi mét vai cd mua 5 ddng ban
7 d6ng, chénh léch 2 dong. Co tinh néu mot ngay ban duge 15m thi hod von, ban duoc 20m
thi 101 10d , ban dugc 10m thi 16 104 .

Néu goi x 12 s6 mét vai ban duoc , y 1a tién 10i thi ham sé y = 2x - 30 la ham lgi
nhudn cia c6 Hong.

2. Pinh nghia:

Néu ing v6i mot gia tri ciia x ta c6 mot gia tri (duy nhét ) cia y thi ta ndi y 1a ham
SO cua x, x la bien s0. Ki hiéu : y=1(x)
Khi d¢6 ham loi nhuén cua c6 Hong ta viét y= 2x - 30 hoic f(x) = 2x - 30

Vidu 1 :
Chohamsd: y=4x>+1
Taco:Néux=1thi y=5 khidotaviét f(1)=5
Tuongtytacd f(2)=17;fa)=4a’+1, f(atb) =4 (a+b)*+1; f(x’) = 4x*+1....

3. Tap xdc dinh ciia mét ham sé

Vidu 2 :
a). Cho ham sé y = 2x* + 30 ta tinh duoc y v&i bat cir gia tri ndo cia x.

Khi d6 ta néi tap xéc dinh ciia ham sé nay 1aR. Kihieu D={X:xeR }.
Doc 1a:” D la tap hop cac gia tri x ma x thuc R”.

D
Biéu dién bang truc sb : | > +o0
0
b) Chohamsé ¥ =~/
Ta coOx=9thi y=3,
x=0thiy=0,
nhung x = -5 ta khong tinh duoc y.
Do dé ta c6 tap xéc dinh 1a D = {X: x>0},
0.3 Tap xac dinh D
03] Y
-0 o T
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Tuong tu ta c6 tap xac dinh cia ham sé ¥ =4/(Xx-1)(x-2) 1a D={x:x<1 hoac x >2}

Tap xac dinh [ 0=
{ii}:;::::1:::,4\;:€i%§§:::%i:>

—a ] = =2 a4

4. \Vé db thi ciia ham sé
Vidu 3:

V& d6 thi ham s6
a). y=2x+1(Hinh1)

y=2x+

Db thi 1a 1 duong thing ta chi cAn 14y 2 diém 4 2x 4
X 0 1
y 1 3

b). y=x?-1(Hinh?2), =021

Day la mot parabol , ta lay 5 diém

X -2 -1 0 1 2
3 0 -1 0 3 S S -
Y VAP
(Hinh 2)
!
11 s (1]
c). Y=+vx-1, (Hinh3) )
Ta lay 4 diém ¥
X 1 2 3 5 {FASianaaaasananses
y 0 1 1,41 2 1 7 oyd b
(Hinh 3)

Dinh nghia : D6 thi cia ham s6 y = f(x) 1a duong tao boi cac diém c6 hoanh df
bang x va tung d6 bang f(x).
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5. Cac phép toan trén ham sé:

Cho hai ham sé f(x) va g(x) ta c6 thé thuc hién cac phép cong, trir, nhan, chia véi
hai ham nay .
Vidu :

f(x) = x> -1 va g(x) = 2x+1 thi ta c6 cac ham s6 mai 1a

(f+g)(x) = f(x)+g(X) = X* -1 +2x+1= x*+2x.

(f.9)(x )= f(x).g(x) = (x* -1 )(2x+1) = 2x3+x%-2x-1.....

6. Ham hop:
C6 Thanh , mot tiéu thuong kinh doanh bang cach mua hang gia si va ban lé. Biét

. , , t
rang néu t 1a chi phi mua hang, q 12 s6 lugng hang thi ~ q(t) = 2—10 (t>40)

va ham loi nhuan ctia ¢6 Thanh 13 P(q) =29 —40. Cd tinh néu bo ra t = 160$ chi phi mua

160 . .
hang,c6c6 d= T—lo =30 (don vi hang hod ), tiéu thu xong c6 s& ¢6 loi nhuan

, P(30)=2.30-40=20%. w
Neu bo ra 250$ chi phi mua hang thi lgi nhuén la bao nhiéu ?. Ta cd the giup c6 tinh todn
nhanh hon bang cach lap ham hop u(t).
t t . g
pat  u(t) = Plaw)] = Z(Z—loj—m =60, day 1a ham lgi nhuan v6i bién s6 14t

160
u(l60) = 7—60 = 208, u(250) = 2_20_60 = 65%

véi u(t) = P[a(t)] ta goi U 1a ham hop caa P va g, P 1a ham ngoai, g Ia ham trong .

Vidu5:
Néu fix)=x®, u(x)=2x+1thitaco2ham hop sau :

g(x) = flux)] = (@x+1)° cotheviet g(x) = fou(x) va
h(x) = u[f(x)] = 2(x})+1 cotheviet h(x) = uof(x)

(. Ham ngwoc:

Ta nai f(x) va g(x) 1a ham nguogc ciia nhau néu :
flg()]1 = glf(x)]=x vaky higula f(x) = g*(x) , g(x) = F*(x).
Vidu :

i) = 2x thi fl(x):%x Chx) =« thi h™(x) = ¥x

Do thi ciia f(x) va F(x) dbi xiimg qua phan giac ciia phan tu goc vudng thir nhét |
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b y=2% 3 ] y=ud
2 3
' Y F(173)
7 y=uf2 ]

142 3

Pé thiy = f(x) = 2x va y:f—1<x):§ Db thi y=f()=x’va y = f *(x)=¥x

8. Ung dung : Ham chi phi , ham doanh thu, ham lei nhudn

Mot xudng may 40 so mi ¢6 chi phi ¢ dinh ( nha xuong, may méc, ...) 12 12.000 $ ,
bién phi trén mot san pham ( nguyén liéu, nhan cong ,...)1a 3 $, gia ban 1a p=5 $/sp .Goi
x 1a s6 san pham 1am ra (gia sur 1a tiéu thy hét ). Tim ham chi phi san xuat C(x), tim ham
doanh thu R(x) , ham lgi nhuan P(x), ham chi phi san xut trung binh  C(x).

( C =cost =chiphi , R=revenue= doanh thu, P= profit= lgi nhudn )

Gidi:

C(x) =12.000 + 3x Chi phi sdn x‘ud't bang chi phi c6 dinh cgng bién phi.

R(X) = 5x Doanh thu bang don gia bdan nhdn sin lugng.

P(x) =R - C =5x -(12.000 + 3x) = 2x - 12.000  Lo¢i nhudn bang Doanh thu triv Chi
phi.

12.000 N . , g s £ < R
+3  Sdn lwong cang lon chi phi sdn xuat trung binh cang

C(x) = 1(12.000 +3x) =
X
nho
Diém hoavén : Tai dé lgi nhudn bang 0 P(x,) = 0.

9. Mot sé ham so cd'p

*Ham bdc nhit y=ax+b

* Ham bdc hai © y = ax®+ bx +c .

Tép xac dinh D=R.
Do thi 1a duong parabol , phan biét hai truong hop a>0 va a<0 .

a>0 a<0
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y = -X°+3x+4

Dé biét @6 thi ham bac hai y = ax® + bx +c cat truc hoanh tai dau ta giai phuong
trinh bac hai ax® + bx +¢=0 Vv&i cong thirc nghiém 1a

_—b+vb2-4ac _ —b-+b? —4ac

X1 = N Xo =
1 2a va "2 2a
* Ham bdc ba : y = ax®+ bx? + cx +d
Té.p xac dinh D=R..
Do thi phan biét hai truong hop a>0 va a<0 .
a>0 a<o
14 14
12 12
10 10
¥a Yo
4 4
2
-'3/ T %3 TN 2 3 AR ?13 T3 \:::
y = 2x3 + 4x%-3x+1 y = -2X3+4x%+3x+1
*Hamma:y=a" (véia>0,a=1).
Té.p xac dinh D=R..
Do thi phan biét hai truong hop 0<a<l vaa>1.
O<a<l a>1

=5

0
5
By | J—=— y=2
4
2

* Ham logarit : y =log,x  (voia>0 ,a=1).
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Tap xacdinh D= {x:x>0 }.
Do thi phén biét hai truong hop 0<a<l vaa>1.

( Nhic lai dinh nghia logarit y =logax <-> a’ =x )

O<a<l a>1
4 43
3 34 _

y=Infx)

Y? y 2

—T 1-
g 810 0 e
P FTEgl0.2]6) REAE S 1[1“

-3 y=log[0.A)(x) 29
4 =Iogl2])

y=log,, X ; y=logysXx y=Inx ; y=loggx

* Cac ham lwong gidac .y =sinX ,y =C0sX ,y = tgx,Yy = cotgx.

1.5':
1' 1.5-:
05 s
1 .Sixx\x
A h 2 OV g A . ] : : :
041 X a0 T 4 & 5
-0.5 ®
1_ -1 _;
1.5 1.5
y = sinx y = COsX
4 4
3 3
y 2 ¥
1 1
2 2 4 : g8 g 2N : 4 & B
w - H
_2 -
-3 -3
-4 -4
y = 1t9x y = cotgx
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1.1

1.2

1.3

1.4

1.5

1.6

Bai tap

a) Cho ham s6 y = f(x) =x* - 3. Tim f(-1) , f(0) , (5) , f(a), f(1+a).
b) Cho ham sé u =g(x) = x* + 2x - 3. Tim g(1), 9(2) , g (i) , 9(ya)
Tim tap xac dinh cta cac ham s6 :

a) y=Inx ,b)y=In(x+5), ¢) y=9x-3. ,d) y=Ux ,e) y=
f) y=Jx-D(x+5) , g) y=e*"

V& d6 thi ctia cac ham sé:

Ay=-2x+1 ,b)y=x*+1 ,c) y=x> ,d)y=(x-1)* ,e) y=+x+3
f)y—-x +2x+1,g)y=Inx ,h) y=3

V& @6 thi cac ham sb

a) y=v3-x , b)y=+x2+1, ¢) y=In(x+3) , d)y=(x-1)(x-2),

2 — —
e) y:ﬁ ’f) y_3 ’ g)X—2

Cong ty Dai bang san xuat mot loai pin tiéu voi chi phi ¢b dinh 1a 38.000$, bién phi
la 0.5 %/hop (hop 4 vién), gia ban 1a 0.9%/hop.
a) Cong ty phai san xudt va tiéu thu hét bao nhiéu san pham thi bat dau c6 13i ?
b) Néu cong ty thuc hién chinh sach khuyén méi “ mua 1 hop ting thém 1 vién
thi véi mure san lugng ndo cong ty maéi c6 1ai ?
Hay hinh dung rang ban 1a mot cong nhan may dang dimg trudc hai lya chon :
Xin vao lam & cong ty A véi mitc lwong co ban 6 $/ngay cong thém 0,8 $ cho  mdi
san pham. O cong ty B voi muc luong co ban 5$/ngdy va 0,9$ cho ciing mot loai san
pham. Ban s& chon ¢ dau ?

X+2

1.7 a) Tim f,g(x ) va g.f(x) néu f(x)=x*+x , g(x) =x°
, 2
b) Tim u,v(X) va Vou(x) néu u(x) =€ , v(x) =
2x+1
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§2 . GIOI HAN CUA HAM SO

1. Gidi han bén trai:

Vidu I: )
Gia st cong ty M c6 ham chi phisan xuatla  C(x) = 24 + 3x
( dinh phi : 24 | bién phi : 3). Ham chi phi san xuat trung binh la

y:E(x):£(24+3x):§+3
X X

Tinh y véi mot s6 gi tri cia x dan tdi 24 nhung nho hon 24 ta ¢o

X 20 21 22 23 X tien to phia trai s 24
y= é(X) 420 4,14 |4,09 4,04 y—>4
Ta thiy x cang gan toi 24 thi y cang gan téi 4. Ta phat bicu 1a :” :2—)(4+3 c6 gidi han 1a 4
. g ) > . 24 A )
khi X tién toi 24 tir bén trai . va viét lim | —+3|=4 (gidihantrai)
x—247\ X

2. Gidi han phai:

Bay gid ta cho x mdt s6 gi tri dan téi 24 nhung 16n hon 24

X 24 X tien t6 phia phai 25 26 27 28

N

- 4 < 3,96 | 3,92 3,89 3,86
y=C(x) y

Ta ciing thdy x cang gin 24 , y cang gin 4. Phat bidu : “y= 2443 ¢6 gi6i han 1a 4 khi x
X

, , (24
tién t&i 24 tir bén phai . Viét 14 llm+(— + 3j =4 (gi6i han phai) .
x—247\ X

3. Gigi han :
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Trong vi du trén gidi han phai va gi6i han trai bang nhau (=4). Tandi y= ﬁ+3
X

c6 gisi han 12 4 khi X tién t6i 24, va viét :
. (24
lim (—+3J:4 _
x—24 \ X

Dinh nghia :

lim f(X)=L ¢6 nghia 12 lim f(x) = Ilim f(x) = L

X—a x—at x—a~

Vidu 2 : Véicich lam tuong tw taco ~ NIM (2x+3) = lim (2x+3) = 11,
X—4 X—4

vay: lim (2x+3) = 11

X—4

4. Ham sé dan dén vé cling

. 1
Vidu 3: Xéthamso: VZXT.TaC() bang :

x |1 2 2,9 2,99 2,999 X >3
y -0,5 -1 -10 -100 -1000 y—> —o
\ . 1
X cang gan 3 thi y la mot s6 am cang I1én . Tanoi Y = 3 khéng cé gidi han trai (hoac noi

ham sb dan t¢i vo cling ) khi X tiéntsi 3 vaviétla  1im (—j=—°°.
x—3~\X—3
Xét x tién tdi 3 tir bén phai :

X 3 < *x 3001 301 38 4
y sy 1000 | 100 1,25 1

. . 1 _
X cang gan 3 thi y 1a mét so duong cang 16n. Vay Y = ~_3 khong co gidi han phai ( ham

. 1
A A 7. A AN =X Ilm - — +w
SO dan téi vo cung ). Ta viet X_,3+(X—3j .(H.1)
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Do thi v = 1/x-3)

H.1 Pothi Y=5 3

—X+2

Vi du 4 : Xét ham sb y=g(x)={ 1

Co

Xx—1 x—1

5. Gidgi han tai vé cung
Vidub:

Do thi =442 khi w<1] va [x+1 ki xe=1]

N

BE

N —-X+2 khi x<1
H.2. bothi y= i
Xx+1 khi x>1
khi x<1
khi x>1

x—1

lim g(x)=1 va Iim+ g(x)=2 nen lim g(x) khongtontai (H.2)

Xétham s y = SXX_l khi x>+  tic 12 X lay nhimng gia tri dwong 16n dan.
X 1 10 50 100 2000 X > 400
y 2 2,9 2,98 2,99 2,9995 y—3
& lim —=—==3,
Ta viet e » (H.3)
Do thi y = (Fx-1)/%
- Dothi y =24/ +3
14
12
4 10
¥ 31 8
-] .
14 2
& 4 & [ R D M R m 0 [T TR
21 L
H3 Dbthi y=X—1 H4 Dothi y=2243
X X
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Vidu 6 : Xem lai ham chi phi san xuat cia congtyM: y= C(x) = 2—X4+3 .C0 bang sau:

X 24 30 100 200 1000 X 5> +00
y 4 3,8 3,24 | 3,12 3,024
y—3

nghia 1a : “ San lugng 16n thi chi phi trung binh xap xi bién phi cia mot don vi san pham .
(H.4).

§3. SU'LIEN TUC CUA HAM SO

1. Dinh nghia :

Ta n6i ham sb f(x) lién tuc tai diém a néu )![)na f(x)=1f() .

f(x) lién tuc trén mot khoang néu né 1ién tyc tai moi diém thudc khoang do.
24 o a2
Vidul : y= v 3 lién tuc tai moi diém trr  x =0.

L

y= . lién tuc tai moi diém trr X =3.

-x+2  khi x<1
x+1 khi x>1
gidan doan tai x = 1.

-3
Ham y =9(x) ={ lién tyc tai moi diém trir x = 1. Ta noi ham g(x)

Ghinhg : ‘ ’
* Ham f(x) = C ( hang s0) ludn lién tuc.
* Néu f(x) lién tuc , n 13 s6 nguyén thi: [f(X)]" va Yf(x) cunglientuc .
* Néu f(x) va g(x) lién tuc thi: f(x) + g(x) ; f(x) - 9(x) , f(x).g(x) ciing lién tyc.
Voi g(x)=0thi  f(x) :g(x) cling lién tuc.

2. Ham lién tuc cé tinh chit gi ?

Dinh I I: ,
~Neéu f(x) lién tyc trén doan [a,b] thi f(x) dat gia tri l6n nhat (GTLN) va gia tri nho

nhat (GTNN) trén do.
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107 flrmax)

Lg o mw e o@m
’ /

_155 f(min)

H.5. Db thi y = (x-3)°-x*+13 H6 v=— —
6 thi y = (x-3) e

Vidu 2 :

Xéthamy = (x-3)%-x?+13 (lién tuc v6i moi x ) trén doan [0;5] thady GTNN 13 y(0) = -14,
GTLN la y(1,9)=8,1 (H.5).

Ham y= ﬁ ( gian doan tai x =3 ), xét trén doan [ 2;4] ,trén doan nay khong co
X —_

GTLN (H.6).
Dinh Iy 2

Néu f(x) lién tyuc trén doan [ab] va f(a).f(b) <O (taclaf(a)vaf(b) khac dau)
thi phuong trinh f(x) =0 ¢0 it nhat mgt nghiém nam trong [a,b].

71 5
y 1
nghiem =14
}f1 !‘2 VS
2
AoasN s 1 s 2 3 e 1
’ ) I I
- ) 4 !
4 / 2
- 3
A . ) X 1 6
H.7 Do thiy = x“+0,1%-2 H8 y=— H9 y=—-3
X—3 X
Vidu 3 :
Chof(x) = x*+0,1"-2 (day la ham lién tuc v&i moi x)
f0).f(2) = (0+1-2). (4+0,01-2)< 0, vayphuongtrinh x*+0,1*-2 =0

conghiémxo. 0<x<2. X,~1.4  [0;2] goilakhoang chira nghiém . (H.7).

Vi du vé hai ham gidn doan c6 va khong c6 tinh chdt trén -
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N s 1 . : . A
i) Xét h(x)= 3 gian doan tai X = 3 (H.8). Ta c06 h(2).h(4)<0; nhung pt é =0 khong

c6 nghiém trong doan [2;4].

i) Xét 9(x)=— -3 gian doan tai x = 0 (H.9). Ta c6 g(-3).g(1) <0 ; Pt %—3= 0 co
X X

mot nghi¢ém trong  [-3;1], X, =1.4.

3. Dung may timh be t#ii:

Tim céc khoang chira nghiém cua phuong trinh : x*—3x3—x2 +3x+eX-2=0.
Gidi :
Lap ham f(x)= x¥—3x3 —x2 +3x+eX -2 (lién tyc véi moi  x ),d0ng may tinh bo tai dé
tinh toan ta cé bang sau:

X 2 |1 0 1 2 3
f(x) 281 |16 |-1 0,7 20,6 18,1

Vay cac khoang chira nghiém la:  (-2;-1) (0;1) (1,2 (2,3)

-10-

bd thi f(x):x4—3x3—x2+3x+ex—2
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§4. CACH TINH GIOI HAN

1. Dinh ly :
Néy lim f(x)=L va limg(xX)=M thi-
X—a

X—a

* lim C=C (c:hingsd)

X—a

*

lim[f ()" =L" ) A
x—>a[ ( )] , n 1a nguyén duong .

* )!i_f)“a\”/ f(x) =L (véi L >0néu n chin)
lim[f(x)+g(X)]=L+M
X—a

* lim[f(x).g(x)]= LM

wlim 1L ysima0
x—a g(x) M '

* lim[C.f(x)]=C.L.

X—a

Vidu 1 :

a) f(x)=—

x?+1

b) g0)= x-% khi x—>0thi g(x)—>%.

khi x>0 thi f(x)—>4.

4
x?+1

Khi d6 ta c6: (f.g)(x)=( )(x+%) khi x >0 thi (f.g)(x)—2
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Hinh 1
Pé tinh giéi han lim f(x), néu biét day 1a ham lién tuc thi cong viéc don gian . Tai diém a

X—a

ham lién tuc thi | lim f(x) = f(a)|
X—a

Vidu I:
a) Cho f(x) = x*+x3-2x+1, vi f(x) lién tuc voi moi x nén

lim(x* +x% —2x+1) =1* +1° - 2.1+1=1 (4 2)

x—1
Dothi y = 6*3+e4-2541
N 107
B.
3
E'/
¥2] ¥
4
1 ..-/5—
A i T2 4 3 4 %
- h
y 24
. X -9
H2 DPothiy=x*+x}-2x+1 H3 y= 3
X_

2

b) Cho h(x) = X , ham gian doan duy nhattai x =3 nén

_ x2-9 . 25-9 16
lim = |lim== = 2-38
x—5 X—3 x—5 5-3 2

CO mot luu y riéng : ham  h(x) khéng xac dinh tai x =3, nhung
2 — —
lim X 9 _ lim (x+3)(x=3) _
x->3 ¥ —3 x—3 X —

lim(x+3) =6 (H.2).

2. Cac vi du khac:

x4l 1
i) lim =—=w

x>0 X 0
W lim2EX 2
") x—0 X3 0

3x_1 31

i) lim> "o X X~ fim— X = 3 Wil 0 hay 2=t -0)

X—»00 X X—»00 X X—>00 1 X X 0
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5% | X 5,1
5X2+X . x3 x3 . X XZ 0
. li = lim = lim——— = — =0
IV) X—0 X3 +1 X—0 X3 1 X—0 1 1 1
x3 X3 X
51 1
Vi ——,——0
( X x2 x3 )
5x3 1
3 °r L=
im 2 im 2 X — imex®+d) -
V) X—>00 X X—>00 i X—>00 X
X
3. Ghi nhe:
Nguoi ta dd chirng minh dugc
. sinXx . 1.,
1/ Img—:l (H.4) va 2/ lim(l+=)"=e (H.5)|(e ~2,71828...) .
X— X X—00 X
Do thi y = sinxx Do thi y = {141/

104

1.44
1.29

HS5 y= (1+£)X
X

Tur 1/ va 2/ dé dang thiy duogc cac gidi han twong tu :

. X . . .
3/lim—— = 1 (H.6) 4/ lim x.sin(l/x) = 1(H.7)  5/lim(l+x)"* =e (H.8)
x=0 51N X X300 x—0
Dot y=xsifly)
12
Do thi ay =xfsin 1 Dot y= (13149
0t !
2 108 ’
y 04 ¢
| | 0"2 \ | | /2
3 2 R 0 1 2 3 1 1 \JQ V 1 ! 1
4 U 2D [
H6 y=—" H.7 y=xsinl/x) H.8.y=(l+x)"
sin x
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4. Dung may tinh be titi tinh gioi han:
Vidu 4:

Yx+2-x-2 ey -
2 o6 thé ding mét mév i .
or_p 1200 thé ding mot may tinh loai

a/ Gia st phai tim gidi han st
Casio-fx 570 hoic twong duong, cho x vai gia tri theo dinh hudéng “x dan téi 6  rdi
tinh f(x) .Xem bang sau :

X— B« x
X 5 5,5 5,95 5,99 6 6,01 6,1 6,5
f(x) | -0,3460 |-0,3390 |-0,3338 |-0,3334 -0,3332 | -0,3323 | -0,3285
. YIx+2-+x-2
Tudaytandi 1a lim =-0.3333 (H.9
ay ta noi o Jox—6 (H.9)
021 do thi =1 +x201 A an(x142)
~ 2. 4% B 8 ]
1] |
02
Y041 K‘g/ 2]
DE' 3 2 1 0 1 2 3
\ 3 _Jx— \
HO Db thicla y= VXH2-¥x-2 H.10 D& thi y= (L+x2)cte™

J6x -6

b/ Phai tinh Iirrg (L+ x2)*tox dung mdy tinh nhu vi du trén, vi trong may khoéng ¢
X—

nGt “cotg " nén phai déithanh f (X) = L+ X" co:

X —0«x
X -0,01 -0,009 | -0,005 -0,001 |0 0,001 | 0,005 0,009
f(x) | 2,6969 |2,7180 |2,7182 |2,7182 2,7182 | 2,7182 2,7180

Vay lim (L+ X2)9* = 2.7182...~e  (H.10)
(Cach giai truyén thong cta bai toan nay la:

lim (1+ x2)°°tgzleirrol[(1+ X et — e gt g
X

x—0
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Bai tap
41 Cho y= f(x):5Xg+—X_2 Tim céc gidi han :
' (x-D(x+2)° T

allimf()  b/imf()  c/limf()  d/limf()  e/limf(x)

X—>—2 X—»00

X+1
(x=1)x

4.2 Cho Y=9(x)= Tim cé4c gidi han :

al Ixirr51 g(x) b/ Ixirrll g(x) c/IXing g(x) d/ lim g(x)

7x% +2 i
4.3 Cho y=T1(x) —m . Tim cac glo han

al Iirg f(x) b/ Iimzf(x) c/ lim f(x)
1 voi x<-1

44 cho T¥= 'Xl-l vOi -1<x<0 ; ham nay gian fioan 6 fiau?
— voi x>0
x-1

45 Cho y=f(x)= 11__\/5 . Tim cac gidi han :

al lem f(x) b/ Ixigg f(x) c/ XILrPOO f(x) d/ lem f(x)
4.6 Tim céc giéi han sau bang may tinh bo tai :

) R o ol -9

4.7  Tim céc khoang chtra nghiém cuia cac phuong trinh bang may tinh bo tii :
a) X*+ Inx - 4=0 b) X + 5+ 4*=0
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§5. PAO HAM

Choham y= f(x)

bat Ay = f(x+ Ax)— f(X) (Aygoilaso giaham so taix).
Ax goi laso giafioi so

Vidu :

Cho y = 2x+1 va Ax=05. Tinh Ay taix=10.
Ay=2(x+Ax)+1- (2x+1) =2(10+0,5)+1-(2.10+1)=1

2. Ham tang , gidm : ( Trong phin nay ndi ham s ta hiéu 12 ham sé lién tuc ).

Dinh nghia:
Ham y=f(x) goila ham tang trén khoang (a;b) néu véi moi x;, X, thudc
(a;b). Néu x; < X, taco f(x,;) < f(x.) thi ta goi (a;b) 1a khoang tang .
Tandi tai xo ham sé ting néu x, thudc mot khoang ting nao do .

Ham y =f(X) goila gidm trén khoang (a;b) néuvoimoi xq, X, thudc (asb)
X1 <Xy thi (X)) > f(xy).

Tir dinh nghia ta thay tai mot diém x, Vi Ax~0 néu

% >0 (AxvaAycungdau) thitaifiay ham tang, neu % <0 thi ham giam.
X X

Vidul: Dothi y=x*- 4x+6
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Vidu 2 : Sy ting giam ciia ham s6 thé hién qua do thi :

=0

) 1
-5 = - E
' ]
' =
' ]
' —1o
'
'

yting _ ,ie  ygidm > < ytang___

a [

3. Pao ham Ciia ham sé

S

(H.2)

DPao ham 1a mot cdng cu dé xét sy ting giam ctia ham s6 , ki hiéu 1a y’ hoic £(x), & .

Dinh nghia:

y

Iimﬂ =

Ax—0 AX

lim
AX—0

f (x+ Ax)— f(x)

AX

( Néu tai diém x nao d6 lim nay khong ton tai, ta néi f(x) khong c6 dao ham tai do).
y'(Xg) < Othi hamso giamtai Xg.

RO rang la néu y'(xg) > 0 thihamsotangtai Xxg;

Vidu 3:

Xét sy tang giam cua y = f(x)=x2—4x+6 tai cac ditmx =1;x=3;x=5.

Gidi :

a) Tim dao ham y’ , dé cho dé nhin ta dat AX=h:

y'= lim
h—0

x2 +2xh+h% —4x—4h+6—-Xx2% +4x—6

= lim

h—0

h

= |im

h—0

h

fm - _ o (Xx+h)? —4(x+h) +6—(x% —4x+6)

2xh+h?2 —4h

h—0

= Ihirrg(2x+h—4):2x—4 .Vay y’ = 2x-4.

Ta c0 thé viét (x* - 4x +6 )’ = 2x -4.

a) Taix=1:
b) Taix=3:
c)Taix=5:

y()=2.1-4 =-2<0: ham gidm.

y'(3)=23-4 =2>0: ham tang

y(5)=2.5-4 =6>0 :ham ting manh.

h
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(H.3)

4. Ghi nhg:

* Néu tai  xo VA Y’ (Xo) khong ton tai , ta néi ham  khong khd vi tai  x, .

*Néu ham gian doan tai x, thi khong kha vi tai do.

*y'(X) = tgo ;o la goc cua tiép tuyén ciia d6 thi ham sb tai diém  ( Xo; Vo).
Do d6 ta c6 phuong trinh tiép tuyén tai ~ diém (Xo;yo) la

Y-Yo = Y’ (Xo) .(X-X0). (*)

801

B0

401

s , p(Xoa yo)
a
s 2 i B E
(H.4)

Vidu : Viét phuong trinh tiép tuyén ctia dd thi ciia y=x*+2x-2 taix=4.
y/ =ox+2 v/ (4)=10 y(4)=22 theo cong thic (¥)tacd y—22=10(x—4).
Vay phuong trinh tiép tuyén1a y=10x-18 (H.4)

5. Mét so cong thurc

Bang dinh nghia cua dao ham, lam nhu & vi du 2 ¢ trén ta c6 dugc cac cong thuc sau :

1) (C)y=0 2) (X"’ = mx™! 3) (@) = a*.na

4) (log, X)/:xlna 5) (sinx)’ = cosx 6) (cosx)’ = -sinx
1

7 (tgx) = tgx)’= ~

) ) = - 8 (ogr)'= o
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o , , 1 !
Tuwr cong thuc 2)  ta co ( J - x_2 (\/;) e
Tir cong thiee 3)  tacé () =
1
Tir cong thirc 4)  ta cé (In X) B
Vidu 4:
(6)=0 W) =7 () =t
2 1
[Wj’(xﬂ s @y=2n2 ;o (o)

xIn 4
u = f(tt) = tthi v = 5t

Vidu 5:

Ham s6 y cho bai y = 2xt + t* + Xx.
Néu x la bién so0 , t 1a hang so6 thi y’ = 2t +1; d€ r0 hon ta viet

dy
- a =2t+1
y'x=2t+1 hoac ™ :

o o .o dy
Néu t 1a bién s6 , x 1a hing s6 thi y’; = 2x + 2t hodc — =2X+2t

ThS. TROONG QUOC THACH
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Bai tap
5.1 Bang dinh nghia tinh dao ham ciia cac ham s6 sau :
) f(x)=%x b) F)=(x+32 ¢ f()=4t d) f(x)=x2+3x+6
) f(x)=3x+5  f) f(x)=(2x+1)?

5.2  Dua vao cac cong thirc dé tim cac dao ham:

a) y =x" b)y=4 ¢)y=0
e) yzil/x_3 f) f(t)=5" g) y=Ilog, x h) f(t)=%

53 Chohamséy=f(x)=x*+3x+6,cho Ax=h = 1.

Timsé giaham so Aytai x=-5; x=1; x=8.Sosanhvsi f(-5), (1), (8).
5.4 Chohamsdy=f(x)=x*+3x+6,cho Ax=h=-1.

Tim s6 giaham s Ay taix = -4; x=0; x=7.Sosanhvéi f(-4), £(0), (7).

v e T DY o _du.du
55 Cho:a)y= x"+3xt°-5 Tim dx dt b)u=s>+3st+7.Tim ds ' dt -
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§6. CAC QUY TAC TINH PAO HAM

1. Pao ham Ciia tong 2 ham sé :

[F)+g()] = F()+9' (%)

Vidul:
f)=x", F)=2x; gx)=4°, g(x) =4"In4,
Taco: (X*+4*) = 2x+4"Inx . Tuong ty voi hiéu 2 ham sé .

2. Dao ham ciia tich 2 ham sé :
[F0.900] = £().900) + f(x).g"(¥) |

Vidu 2:
fx)=x*, P =3x* ; g(x)=sinx ,g’(x)=cosx,
(x%sinx)’ = 3x%sinx + x°cosx .

3. Dao ham ciia thiwong hai ham so:

{f(x)}: 1 [£'0)g(x)— T (x)g'(X)]

g0 ] 9°(x)
Vidu 3:
fx) =x*, £(x) =4 ; g(x) = cosx , g’(x) = - sinx.
4 7/
X = ! (4x3 COS X — x4(—sin x)) = (4x3 cos x+ x* sin x)
COS X cos? x cos? x

Tir cac quy tic trén ta tinh dugc

{L] =—C'f /(X) ¢ :hang so
f(x) F2(x) '

c.f ()] =cf'(x)

4. Quy tdc lday dao ham ciia ham hop :
Néu y 12 ham cta bién u va u 1a ham caa bién x thi y ciing 12 ham (ham hop) cia

, / [ ./
bicnxva |Yx = Yu-Ux
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Vi du 4: T'hﬂd—uvad—y Biét :
| du 4: In du’ dx ax et .
al y=2+(x*-4)°
Gidai
dy 2 du
iv= 3 Vi u=x2 - —=3u"; —=2X
Coiy=2+u" V& u=x" -4. du dx
dy_dy du_g2,5 - 3(x? —4)%.2x = 6x(x% —4)?
dx du dx
5
b/Cho Y=———+2
X" =7
Gidai
aEy2
Dat U= T taco y=—+2va Lo -2, Mgz, V550 X
: u du u? dx dx u? (x3-7)?
3 .
¢/ Y=vVx° +sinx
Gidai
bat u=x3+ sinx, y=\/U.Tac():
dy 1 du 2 dy 1 2
—=——; —=3X"+C0SX, — = ———--——(3X“+C0SX).
du 2Ju’ dx dx 2\/x3+sinx( )
d/ y = 3x5+2x+1
Gidai
bt u = xX + 2 + 1 ; y = 3 . Ta ¢co
g In3; d—”:5x4+2, d—y:(3“.|n3).(5x4+2): 37 (5x* +2).In3.
du dx dx
e/ v=sin(t® -2t +1)
Gidi:
dv du
Pat u=t-2t+1;v=sinu.Tac6 ——= COSU, —= 3t2 -2,
du dt
. dv 2 2 3
Nén Ezcosu.(Bt -2) =Rt°-2]cos(t” -2t +1) .
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6.1  Tim dao ham cac ham sé :
a) f(x) = (x> +1)(x*-2x + 1)
c) f(x) = (x> +a)(x - 1)

Bai tap

b) f(x) = (x> -2)(1-+/x)
d) f(x)=(@/x-1)(x> -4x)

) f(- L f f(x)=
1-4x* (x-1°
2X
f =
9) T0=1—
6.2 Tim dao ham:
3 -
t sinv 2t
f(t) = f(v)= f(x)=—+x'
a) f(t) T s b) f(V) 71 ¢) (0 =—"7+x
d)f(x)=ax +bx®*+cx+d e) f(X)=?::3 .
6.3 Tim dao ham cua cac ham sé sau :

a) y =3/x? +sin x

d) y = -5x( 3x + 5)°

b) y= (x2 +2x+1)10
e)y=(1+x)° - (1+x)

()
2 x2 +1

f)y=(x-4)%(x+3)°

15 .
9 :(2x+1)3 h) y:In(x3+3x+3) )y=(ax+b)".
3 1
. 3x+5 X°+4 e
)y k)Y D 1)

m) y =sin(3x4 —X) .
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§7. PAO HAM CAP CAO- VI PHAN
PINH LY L’HOSPITAL

1. Vi phan cia ham sé

Dinh nghia:
Cho ham y = f(x) , vi phan cua x 1a dx = Ax (hiang sd) vaviphancaa yla dy=y dx.

Vidu : y=3x*+x thi dy = (6x+1) dx

Da thi y=x"2+1
100
24

80
B0
40

204

y__Y
R P i, s BI 10 . 1 2

H.1 X X+ AX H.2

4 1 1 A 1 1 A - /4
Tadabiét y'= lim =2 nghiala Y'=f'(X) = 2 khi AX = 0. Nhan 2 vé véi
Ax—0 AX AX
Ax f6oc f'(x).Ax=~Ay hoac f'(x).Ax =~ f(X+Ax)-f(x) =.

f(x+Ax) = f/(X).Ax + f(X)
Pay 1a mot cong thirc tinh gan dung.

Vidul : Tinh (3,01)°.

Gidi:

Pit flx)=x>va Ax=0,01, x=3, f(x) =5x* Taco:
(3,01)°= f(3+0,01)= f(x+Ax) ~ f(3).0,01+f(3)
= 5.3'.0,01 + 3° = 4,05+ 243 = 247,05.

Vidu 2:  Détinh 35.
1
e = f'(X)==————— A — . - A: o1,
VX : :
Ta xét f(x) : i x Lay x=36; AX=-1,r0itinh

V35 =f(X+AX) =~ ...
Tir cong thirc gan dung ¢ trén ta co : dy ~Ay khi Ax = 0.
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2. Pao ham cdp cao :

Xét ham sb y=f(x) = x°-3x°+x.
y = 6X°-6x+1,
liy dao ham lan nira c6: y/= (6x°-6x +1)’ = 30x*- 6, ta goi day 1a dao ham cap 2.
Pao ham cip 3 1a y” =120x3, dao ham cap 413y = 360x%, .....
Ta c0 thé viét (khi x 1a bién doc l1ap ):
v (dyj cy ety
axldx ) g2 ol

3. Dinh ly L’Hospital:
Néu fix) va g(x) lién tuc #én [a;b] va kha vi trong d@s, dong thoi , f(c)=g(c)=0,

f'(x) f(x)
I|m =L ¢y lim—==L
g(x)=0 va ' (%) thi xos¢ 9(X) .
) R m X—3
Vidu 1: Tim s In(x-2)
Gidi
Gi6i han nay co dang % .
< : x—3 o (x=3) 1
y lim = — = = | =1
Apdungdinhly i T M 2T - A (1
X—2
x_ ’ 0.1 , ) -x
H2 y=—X=3 H3 y=—2 H4 y=InGin3x)
In(x-2) 1-cosx In(sin x)
ThS. TROONG QUOC THACH o7
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2

Vidy 2: Tim lim

: x—0 1-Ccosx

Gidi
Gidi han c6 dang % Ap dung dinh Iy :
- . (I-cosx)’ i in x)'
lim LC0SX _ jim (L2C0SX) : L i SINX_ SN cosx 1
x—>0 2 x=>0  (x9)' x—0 2X x—0 (2x)' x—0 2 2

& day da sir dung dinh 1y 2 lan. (H.3)

* Chu y: Pinh Iy L Hospital ciing st dung duoc khi lim c¢6 dang 2 | tic 1a khi

lim £(x) =00 va lim g(x)=c

X—C
) . In(sin3x)
Vidy 3: Tim 70 In(sin x)
Gidi:
3 C0S 3X
In(sin3x) .. [In(sin3x)]'_Ii "sin3x _lim 3cos3x.sinx . [3cos3x.sinx]'
x>0 [n(sinx) x>0 [In(sinx)]" x>0 COSX x>0 sin3x.cosx  *~0 [sin3x.cosx]"
sin X

_lim 3.(—_33|n 3>_<sm X+C0s3xcosx) 3 ~1 (H.4)
x>0 —sin3xsin X+3c0s3Xcosx 3

Bai tap

7.1  Udc luong cac giatrisau: a)(4,9)°, b) 82, c) 328 .
7.2 Cho a) y=x"+4x*+7 b)y=(7-x)%. Timdytaix=2choAx =0,1.
7.3 Dung dinh ly L’Hospital tim gidi han :

3

] X—2 ] X .o x-1
lim b/ M —— ¢/ lhm ——
x—2 x2 _ 4 x—0 Sin X — X x—1 Inx
. eX- . x2
lm ——— g/ lim ———
x—0C0SX —1 x—0 COS X — X
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§8. CAC HAM BIEN TE - PQ CO GIAN
CUA HAM CAU

1. Chi phi bién té

Vi du I: Gia st mot cong ty c6 ham téng chi phi 1a C(X)Z—%x2 +3x+20 (X la san lugng va 0<x<100).

Khi d6 ham C'(x) = —%+3 dugc goi 1a ham chi phi bién té  ( marginal cost function). Ta

c6;C’(10)=2,7;C'(20)=2,4. Ta hiéu 12 tai muc san luong  xo = 10 néu ting 1 don vi
san pham thi chi phi ting khoang 2,7 (don vi tién t§) .
C'(xg) *C(xg +1)-C(xy) =AC  cho Ax=1

Do thi y=[3200f 52437420 ot HedY CHPHI G Do thi HAM CHI PHIBIENTE C1y)

200
180

il

! @, @ @ il

H.1 Xo X1 ~ H2
Tuong ty ham doanh thu bién té 18 R’(x) , ham lgi nhuan bién te 1a P’ (x).

2. Hé sé co gidn ciia ham cau

’ Ham cau thé hién twong quan gifta gia ban va luong cau, ham cau :x =f(p) (x 1a
SO lugng, p la don gia) vdi dac tinh p ting thi X giam.
Hé s6 co gidn cua x dbi voi p
AX [ X
Ap/p

E=( thay ddi twong d6i cta x ): (thay d6i twong d6i ctia p )
Vidu 2:

Mot tiém gidt Gi thiy rang ham cau cia minh 13 x = f(p) = 120 - 20p ( x: kg quan
a0, p la don gia $/kg).

Ta s& nghién ciru A_XX; AT: tai 2 diém p=15 vap=3$ véi Ap=05$.
*Taip=1$:  f(1)=120-20 = 100; f(1,5) = 120 - 30 = 90.
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ap 05 g5 A _90-100 10 _ o,

P 1 X 100 100
e S6 nay cho ta thay gia tang 1 % thi nhu cu giam 0,2 %
Ap/p 05 T y gia tang 1 % thi nhu cau giam 0,2 %.
*Taip=3%: f(3)=120-60=60; f(3,5) = 120 - 70 = 50.

Ap  _05. Ax _50-60 _ 10

p 3] x 60 60

AX [ X 0,5 -10

Ap/p 360
AX [ X
Ap/p

So sanh tai 2 diém ta thdy tai p = 3$ viéc ting gia s& anh huong manh hon t6i nhu
cau so voi viéc tang gia taimirc gia p=1§$.

( gia tang 1 % thi nhu cau giam 1 % ). Hé s6 co gidn £ =

Ham co gidn cia cdu:

Lo AIx o p(Ax lim 2 — ¢
Ta bién doi Ap/p = x( j, ma AP0 Ap (p)

AX /X oy P . s . S s v LA 1a
Tur do Ap/p =f(p)-; ta goi day la ham co gidn ciia cau vaky hiéula E(p).
E(p)= f'(p) s
f(p)
LAy lai vi du trén x = f(p) =120 - 20p thi f/(p)=-20 tir d6
O R
B() =20 050 20p T “6-p

Tinh duoc E(1) =_$= - 0,20 ( hiéu Ia tai mirc gi4 p=1 hé sé co gidn 1a - 0,20 )
E@)= -1; E@)=-2).

Vidy 3: ’

H¢é so co gidn cia mot sO mat hang tai My (2002):

- Cogiinmanh: Doégd:-126; Xehoi:-1,14; ...

- Khéng co gidn : Thuc phdm:-058; Quanao:-0,49; Sachbéo:-0,34: ...
(Néu [E(p)|<1, tanoi“ caukhong co gidn ).

H¢é so co gidn biéu thi phan Gmg ctia nguoi mua doi voi viée tang gia .
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Bai tap

8.1  Gia sur dau tho trén thé giéi co ham cau 1a : x = 63.000 + 50p - 25p? ,( 0< p<50).
(X : triéu barrel/ ngay . p: $/ barrel ).
a) Timham co gian.
b) Tim hé sb co gidn tai mirc gia p = 30$ ; p = 40$.

8.2 Ham ciu ctia mot loai hang 1a X = tim ham co gian E(p) . Tim E(6) , E(12) ;

(p+4)?
néu y nghia cua sy khac biét.

8.3 Thang 12-2005 gia vang SJC tai thanh phd K. tang tir 950.000 d/chi 1én 1.080.000
d/chi , luong tiéu thu giam 30%, trong khi d6 gia xang tir 10.000 d/lit tang thém 500

d/lit , lugng tiéu thy giam tir 1.250.000 lit/ngay xuéng con 1.150.000 lit /ngay. Tim hé
SO co gidn cua 2 mat hang nay ?

8.4 a) Tim ham chi phi bién té C’(x) néu C(x) = 1000y x° +2
b) Tim ham doanh thu bién t& R’(x) néu R(x) = 2000yx? +3
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§9. CUC PAI VA CUC TIEU CUA HAM SO

1. Dinh ly veé suw tang ,oiam :

Néu f'(x0) >0 thitai xoham f{x) ting. Néu f'(xo) < O thitai xo ham f(x) gidm.
Xét tai diém x; VGi AX =X, - X; VA AX ~ 0.

Ay Ay
Sy Y'=1im —=>0 =—>0 yiyvham ta
Néy Y Jim A , vay ham tang.
Vidul:
. HREy-6 PO 2612
g i
E =f{yj=4" 05|
y41
2- ﬁ
TR
A 5] ? 3 — — . .
4 ! : \ ! ﬂ
E{ =1 e PR T2 A0 i)

4
H.1y=4x’-6x-1vay = 8x-6 H2 y= gx3 —3x% —x+2 vay = 4x%6x-1

2. Vi du vé cuwc dai:
Cong ty M ban hang theo phuong thuc giao hang tai nha, c6 ham lgi nhuan la

5 , .
P(x) = 3 x? +60x—80 (x Iz s& nhan vién giao hang). Sau tam thang hoat déng, sb liu

vé lgi nhuén ting thang duoc biét 14 :

Thang the |1 2 3 4 5 6 7 8
x(nguoi) 4 8 10 16 18 21 24 16
P( lgi | 133 | 293 | 353 453 460 445 400 353
nhuan)

Giam dbc cong ty nhan ra rang : Luc dau khi ting s6 nhan vién thi doanh sé ting
dan dén loi nhuan ting theo. Tuy nhién, khi s6 nhan vién 1én dén 18 ngudi thi mirc tiéu
thu ¢ dia ban da b&o hoa, viéc taing thém nhan vién chi lam cho chi phi tang ,nhu vay lgi
nhuin giam. Tém lai loi nhudn dat cyc dai khi s6 nhan vién [a 18. (H.3)
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400+

3004 Loi nhdan Guc dai

2004

100

" Loi nhuan cuc dai
H.3

3. Cwec tri va diém dirng:

Ta n6i ham y= f (x) dat cuc dai tai x= ¢ néu tai ddy ham sé chuyén tir ting sang
giam ( twong tu: Ham so dat cuc ti€u néu tai x = ¢ ham so chuyén tir giam sang tang). Ta
thuong noi day 1a cuc tri dia phuong .

2 Rl 1 2, 3 4 5 3 ) E 7
-1 5]
24

y Cuc tiéu

H.4 y cuc tri H.5

Curc tri: Cuc dai va cuc tiéu co tén chung 12 cuc tri .
Pibm dirng : Tan6i ¢ 1a diém dimg néu ' (x)] x=c = 0 hodic /(%) khong tén tai.

Vidu 2: V& motham sé co 4 diém dung :

P thi cia f(x) va  f(x)
B Do thi cua 1)

: Do thi cua y=1) i 4 dem dung

if 4 Cuc tri M:

14 2

N

— . ’ .
2/ 5] 2 b A

4 ok
H.6 D6 thi f(x), 4 diém ding. H.7 D6 thi £(x)

Pé tim cyuc tri ( cuc dai va cyc tiéu) ciia ham sé chung ta c6 mot cong cu hitu hiéu
la dao ham.

Dinh ly -
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Néu f(c ) 1a cuc tri thi x =c la diém dung, tirc 12 f'(c) = 0 hodc khong ton tai.

Vidu 3:
Ham y = /x-1/+2 c6 cuc tiéu tai x = 1, tai diy y khong ton tai (H.8).

Do thi y = fx-1/42 wa dao ham y'
5_

1_

14 os U 0s 1 18 32

o T fx)

H.8
Tir hai dinh 1y trén ta xay dung duoc quy tic dé tim cyc tri ciia ham so:

4. Quy tac fim cwec tri :
a- Tim diérr} dimg : gia st x=cla djém dimg. )
b- Xét sy doi dau cua y’ taic. Neuy’ doidautr +sang- thi f(c) la cuc dai; néu
y’ doidautr -sang+ thi f(c) Ilacuc tiéu.
Vidu 4: Tim cyc tri cia y =2x>-3x*- 12x + 12.
Giai .
y’=6x2-6x-12; y'=0< x°—-x-2=0 < x=-1 hoac x=2.
Ham c6 2 diém dimg: x=-1 vax=2.
Lap duoc bang bién thién:

2

X -00 -1 2 +00
y’ + 0 - 0 +
y 19 +00

3

-1

Y>0—>e— y<0—>ie—— y>0

H9 y=2x*-3x*-12x + 12
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Vidu 6: )
Tim cyc tri cia ham sé y = (x -2)** + 1.

S SN TI s_ 2, T3 _2 1
Giai:  Tim diém dung : Y =3 (x-2) s
Piém ding duy nhat 12 : x = 2, tai diy y’ khong ton tai.

2 1

fe A o - - — <0 . 3 >0
Xétdaucuay’ : y'(1) 331 ; y'(3) = \/— y dbi dau.
Viy  y(2)=1 lacyctiéu. (H.10)

Do thi cua fix) b thi cua f'(x)

Do thicua y'
Dothi y = (w-2)M2/3)+

FTETN T e T
X

P S

Bl
H10 y=(x-2)*+1.

5. Dung v’’ nhw thé ndo ?

Ta thay néu tai x = ¢, y’chuyén tir am sang duong, nghia 13 y’ ting; y’ ting nghia 1 dao
ham cta no ( y’’) duong.
Vay: Néu y’(c)=0 va y”’(c)>0 = f(c)lacue tiéu.

[y’(c)<0 = f(c)lacuc dai.]

3 2
x3  11x2 X< 11x 2x 11
=5~ X =2 = =222
V| du 7 Xety 6 + y y/ 3 8 ’ y/ 3 3
y' =0 kh| x=3va x=8.
y’(3) =2 -= <O:>co cuc dai, y’’(8) = E >0 =0 cyc ticu. (H.11)

H.11
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6. Diem uon

Trén do thi ta (H.11) d¢ y diém x = 5,5. Tai ddy y”’ chuyen tir &m sang duong. y’
tir giam chuyén sang tang. Diem U [ 5,5 ; f(5,5) ] goi la diém uon cua do thi ctia ham
y = f(x).

7. Maxva min (Cuwec tri tuvét doi)
121

104

o]

¥ 54

i

]

a2 03&4 B, 8 10 12 14
7] f(rmin)

flrnax)

3 2
X® 11X
= —- 8x
H12.y= "o ==+
3 2 y
Vidu 8 : Xétham y= %—%wx trong vi du 4 trén doan [0;10 ] ta thdy ham c6 cuc

dai 1a fcp = 10,5 va cuc tiéu 14 fer = 3.6, ¢ hai dau mat f(0) = 0, f(10) = 7,8.

Vay gia tri nho nhét ctia ham trén doan [0;10] 12 min = (0 ) = 0 va gi4 tri 1on nhat
cta ham trén doan nay la max = f(3) = 10,5.

Tu day ta rat ra quy tic dé tim  Max ( maximum ,Gia tri 16ém nhat) va Min
(minimum,Gia tri nho nhét ) cia mdt ham s trén mot doan [a,b] gom cac budc :

- Tim cac cuc tri néu co trong (asb) .

- Tinh f(a), f(b) .

- So sanh céac gia tri tim duoc varit ra fax , fimin -
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Bai tap
9.1  Tim cuc tri cua cac ham s6 :
a)y=x’-—4x-5 b)y =5+ x- x* c) y =f(t)=1 + 6t + 3t?
dy=x>-x*-x+2 e)y=x>-3x+6 f)y=3x*-2x°
g y=x-x* hyy=x'-8x*+3 )y=1-x¥3
k) y=— ) y=%x .
X~ +1 )
9.2 Vé 3o thi cua cac ham so tr’én.
9.3 Tim cyc tri ciia cac ham so :
a) y = 3x* — 16x% + 18x b)y = (x+1)%3 c)y=x"-6x
X
dYy=— e)y="1f(t)=> f) y=xva—x>
X®+1 t°+1
9.4 Mot con kénh dao rong 5 mét c6 mdt khuc queo 1a mot goc vudng .Nguoi ta tha cac

cay go troi theo kénh . Tinh Chiéu dai toi da cay go troi lot qua khiic queo nay.
9.5  Néu ham chi phi san xuat 1a C(x) = 1,1x* + 10x + 80,

ham doanh thula  R(x) = x* + 100x (X la san luong ).
Phai ban dugc bao nhiéu san pham dé thu dugc loi nhuan toi da ?

9.6 MOt tam nhom vudng canh 1a 60cm, cat bo di & mdi goc mot hinh vudng nho bang
nhau roi gap 1én s& c6 mot cai hop ( khong c6 nap) . Hinh vudng bi cét bo ¢6 canh la
bao nhiéu d¢ hop c6 thé tich lon nhat? )

9.7 Cong ty R xéac dinh duoc ham cau la p = 150 — 0,5x ( X la so luong, p 1a don gid),
ham chi phi san xuat 1a C(x) = 4000 + 0,25x°,

a) Tim ham doanh thu R(x). o ’
b) Tim ham lgi nhuan P(x) , phdi ban bao nhiéu san pham d€ c6 lgi nhuan t6i da ?

9.8 Mot doan thép c;éi 24cm,du(yc cat }am 2 roi udn thanh mét h‘mh,vuc‘)ng va mot

hinh tron .Phai cat nhu thé nao d¢ tong dién tich hai hinh nhé nhat?

9.9  C62thanh phd A va B hinh thanh ¢ 2 bo cua mot con séng. Nguoi ta du kién lam
Mot cai cau va 2 con dudng noi 2 thanh pho. Nén dat cau ¢ dia diém nao dé cho
duong di tir A t61 B ngan nhat ? (Cho a=2 ,b=3 ,r=1 ,p=5).

A

- a(km)

A '
cau r(km)
b(krré)z/
pkm)~>
9.10 Timavab Ia hai s6 duong dong thoi thoa man :a +b*=1vaV =ab’ I6n
nhat ?

Chuong I1
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TICH PHAN

§1. NGUYEN HAM VA TICH PHAN BAT PINH

1. Nguyén ham :

Biét f(x)=2, Tim F(x)sao cho F(x)=2.

Cho g(x) =3x%,tim G(x) sao cho G'(x)=3x"

Taco F(x)=2x ,G(x)=x°

Tagoi F(x)=2xlanguyénhamcua f(x). G(x) la nguyén ham cia g(x).

Dinh nghia - Him F(x) dugc goi 1a nguyén ham caa f(x) néu F’(x) = f(x).

Tathdy F(x)=x*;F(x)= x>+ 2;F(x) = x*- 0,5 déu la nguyén ham cua f(x) = 3x*,
chung déu c6 dang x*+ C voi C 14 hang s6 tuy y.

Ta ky hiéu tap hop tat ca cac nguyén ham caoa  f(x) 1a J. f(x)dx . Nghia 1a :

If(x)dx: F(x)+C

(:f(x)dx= {F(x)+ C: F/(x)=f(x) })

j f(xdx  duoc goi la tich phan bat dinh cia  f(x), j la dau tich phan ; f(x) 1a ham dudi
dau tich phan; x 1a bién lay tich phan.

Vidu I:

a)Jde:2x+C b) Iszdx:x3+C C)JZdt:2t+C_

Cac duong cong  y= x*-3,y=x>,y=x*5 (H.1) 1a cac nguyén ham cua f(x) = 3x°.
L
20
15
ym—;

R e RS S B
5]
/-1D§
H.1 Céac dudng cong y = x*+C

2. Tim tich phan bét dinh :
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CAC QUY TAC CO BAN

a) [kdx=lx+C  Klahing sb.
b) j kf(x)dx:kj F (x)dx
c) j[f(x)i g(x)]dx:J' f(x)dxij.g(x)dx

Xn+1

d) Jx”dx:
Vidu 2 :
a) I(2+3x2)dx= Ide+I3x2dx= 2x+x3+C

2+1
b) J.szdx: 5J.x2dx: 5.5 c- 2x34c
2+1 3

+C:n=-1
n+1

+
Vidu 3: ’
Bi¢n doi trudc khi str dung Quy tac
1 3 X2 1
a —dx=|x"dx= —+C=-———+C
) Ix3 -[ -2 2x°
1 4 3
b) I&dx: Ixzdx= Xl +C =§x2 +C
—+1
2
x+1 X 1 > 2 x3/2 12 2 93 1/2
———dx= || —=+—=|dx= X2 +x 2 |dx= + +C= =x“""+2x"“+C
oI5 j(& IJ I ERRRE R
2 2
5 3 2
d) I(3x4—5x2+x)dx= 3 X —5X— X ic- §x5—§x3+£x2+c )
5 3 2 5 3 2

2 X3 X2
e) J(x+1)(x+3)dx = J(x +4x+ 3)dx =?+47+3X+C .

Vidu 4: Tim ham chi phi sdn xudt:

~ Tai Cong ty Quynh An, chi phi bién té cia san pham thtr x 1a C*(x) = x° + 2x. Tim
ham tong chi phi C(x), biét dinh phi 1a 45$.
Gidi:
4
X \ ,
c( = dx= j(x3 +2xfix= Zox? 4K (6 day K 12 hing s6 ).

4
. 2 X
Biét C(0)=45%, tacd:C(0) = OTJro2 +K=45. VayK=45va C(x) :T+X2 +45

Bai tap

ThS. TROONG QUOC THACH 69

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

1.1 Kiém tra lai cac dang thirc sau bang cach 14y dao ham vé phai va thay rang dao ham

nay bang v6i ham duéi dau tich phan:

9 3 1 1
—— |dx=—+C b 4x3——jdx=x4+—+c
) I( x‘J x> ) '[[ x? X
c) J.(X—Z)(X+2)dX=£—4X+C d) J.idu:Sx/U+C
3 Ju
1.2 Tim céc tich phan bét dinh:
4
- 1
a) I{2x3 +3X1}1X b) J-%/xizdx c) j—4dx
X
1
d) J. 2x+x 2 Jdx e) J.u(3u2 +1}1u 9) J‘(x—l)(6x—5)dx
h [y*Jyay .
1.3 Tim ham chi phi néu :
a) i—§=85;dinhphi:5.500$
dc 1 o
b) &—%X+10 ; dinh phi : 1.0008.
1.4 Tinh cac tich phan :
1
a) jXGdX b) Jde c) Ix“'dx d) J.(xz + X —1)dx
2 8x 1000 —6
e) |lt°—2t+3dt f) |5e”"dx g) | ——dx h) | = dx
I( }j .[ J‘ X -..3 X2
. —-2X 1 x% 1
) .[86 dx K) J‘(l_t)\/fdt I) J.xlnlodx m)J- X+1 ax
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§2. CAC PHUONG PHAP TINH TICH PHAN

CAC CONG THU'C TICH PHAN CO BAN

1) [eXdx=e* +C 2) Ibeaxdx—— +C 3)'[ de——+C
J a

4) .ldx:ln|x|+C 5) Jsinxdx:—cosx+C 6) jcosxdx:sinx+C
J X
¥ du

7 | f(u)&dx—.’-f(u)du _

1. Vai vi du:

X

5
Vidu I: a) J‘5de=ﬁ+c

b) I%dx:ﬂn\xhc
Vidu 2:
a) Tinhl= .[(SXZ +5)36de

du
Pit u=3x’+5; ——=6X: fu)=u®.Co:

dx
du . o3, ut o (3x%+5)*
- jf(u)d—xdx_ jf(u)du_ ju du ==+C=
b) |:J4e4xdx
Pai = 4x: d_u=4 f — Al C'.
at  u=4x; X ; fu)y=e".Co:

_ jf(u)d—“dx= jf(u)du: je“du: el 1C= e¥yC
dx

c) Tinhl= IZX 3x2 +1dx

du
Pit u=3x>+1; &=6X; flu)y=u?.  Co:

3

:%JGX 3x2 +1dx = %Jf(u)du: %Ju;du: 1u3/2 +C = 2(3x2 +1)2+C

33/2

2. Tich phan bang phwong phap doi bién :
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. . dy

Nh¢ lai cong thire tinh vi phan hamso :  dy = y’dx. (y:d_x)
Vidu 3 :
a) Cho y= x%,timdy.

dy . 2

— =3X A — 22

i nén dy =3x°dx
b) Cho u=Inx, timdu.

1 nén du=—dx

dx X
c) Cho y= e“,timdy.

dy X2 2

— =2xe & - X

dx nén dy=2xe" dx
Vidu 4:

Doi bién dé tinh tich phan

2X
a) Tinhl= jl 2 dx
+

Thay tir s6 chinh 13 dao hdm ciamiu . Patu=1+x*;du=2xdx.Co:

du . .
=)= Inju[+C = M@A+x*)+C (b ddu gi4 tri tuyét déi vi 1+ x*> 0)
2X
b) Tinh '=_[—d><
) 1+ x2)2
Thay tir s 1a dao ham cia phan trong ngoic d mau. Pat  u=1+x*;du = 2xdx C6 :
du 2 ut 1
1=[= = ju du= ——+C= ————+C
u -1 1+X
X J‘ X dx
c) Tinhl=\|7T"—""55
) (1+x2)?
Pat u=1+x*; du=2xdx. C6H:
[ B g TpR_T Lo 71
27 (1+x2)? 2Jy?2 2" u 2\1+x?
d h I e dx
Tinh I =
) 1+e3X

Pat u=1+¢*; du=3e*dx. Co:

I:ljldu: lIn\u\+C: lIn(1+e3x)+C
3Ju 3 3
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3. Phwong phap tich phén tirng phan :

ow) o

Nhé lairang (uv)’ = u’v+uv’, hay dx dx dx
Ta lay tich phan hai vé theo x , ta co:
Id (uv) =uv = _[Vdu + IUdV , trday co cong thic :

judv:uv—_[vdu

Vidu 5:

a) Tinh | = jxexdx
bat u=x thi  du=dx
dv=edx thi V= J.eXdX =e* (tabo C vi sé€ bi triét tiéu sau nay).

Dodé 1= xeX—Jede= xeX —e* +K

b) Tinh | :Jx\/x—ldx

bat u=x-1 thi du=dx va x=u+1,co:

2 > 2 :
+C = g(x—l)2 +§(x—1)2 +C

N w| e

I :I(u +1)u%du = I[ug +u;]du =

N\U'||:mm

c) Tinh JXSin XdX  Patu=x, dv = sinxdx
d) Tinh J.X|n xdX . Pat u = Inx, dv = xdx

e) Tinh J.Xzexdx . Pit u = x? va str dung cong thuc tich phan timg phan hai lan.
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Bai tap
2.1  Tinh c&c tich phan:
2
a) I(x—2)4dx b) J.(t_g)Z dt
12x+2 1
—dx
)IBX + X e)J‘(5x+1)3
2
X
|) J‘ﬁdx
2.2  Tinh c&c tich phan:
5x X
a) J-e dx b) J.(x+1)4 dx
1 24t +1
——dt dt
o |7 o |
h) sze‘xdx i) janxdx

c) .\/l+ xdx

1

9 Jx+1
k) .X\/X2+4dX

dx

X
— % _d
g I(3x—1)2 '
g) J.XGSXdX

K) J. xex2 dx

ThS. TROONG QUOC THACH

74

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

§3. TICH PHAN CUA PHAN THU'C HU'U TY %

, X+7 ) X Li A gAe
Dé tinh tich phan I = J 2—6angu(‘n ta da bién do6i nhu sau :
X —X-—
X+7 X+7 B 2 1
N (x=3)(x+2) X-3  X+2
Vay: I:J 21 - 2In|x=3[—In|x+2[+C
o X-3 X+2 '

*** Quy tidc chung tinh tich () phan cia véi p(x) , q(x)
la da thirc : a(x)

Tién hanh cdc bude sau : ) ‘
- Thuc hién chia da thitc néu bac cua p(x) 16n hon hoac bang bac cua q(x):

X P2(¥)
P09 pn + 22
a0 4
- Thura so hoa q(x).
M , A A A A A p2 (X) Y A 5 ’ A , +
- Bang phuong phép dong nhat h¢ s6 doi W thanh tong cua cac phan thirc don gian .
Vidu I:
X+7
a) Tinhl = J.Z—dx
X®—X-6

Thira s6 hoa mau s6. Taco: x*-x-6=(x-3)(x+2) (véi 3va -2 la 2nghiém
ctia phuong trinh x? - x -6 =0 ). Tir d6 ta phan tich:

X+7 _ X+7 _ A N B _ A(X+2)+B(x-3)
x2_x—6 (x=3)(x+2) Xx-3 X+2 (x=3)(x+2)
X+7 A(x+2)+B(x-3)
VW 2 e -9+

Péytoi 2tirsdohaivé [x+7] va[AX+2)+B(x-3)].
Cho x=-2,c6 vétrdila [-2+7=5] vavéphiila [-5B] = -5B=5 = B=-1.
Cho x=3,covétrai[3+7=10] vavéphaila[5A], suyraA=2.

R X+7 2 1 R
Vay 5 = - nen
X°—X—-6 X-3 X+2
IZX;?dx: j 2 1 dx:2ln|x—3|—ln|x+2|+C
X°—X—6 X—3 X+2
X+7
b) Tinh | =|————dx
) I(X—S)(x+2)2
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X+7 _ A N B N C
(x=3)(x+2)2 X=3 X+2 (x;2)2

X+7 2 2 1
(X—3)(X+2)2 5(x-3) 5(x+2) (X+2)2

Tuong ty ta viét:

VA sau cac bude bién doi ta co:

2 2
A 5 I ==In/fx=3/—=In/x+2/+ +C
nén ta co: 5 5 2
X+7
¢) Tinh 1 =]————=dx
) I(x+2)x3
O X+7 A B C D
Ta viét = Ty Ty
(x+2)x3 X+2 X y2 3
X+7 5 5 5 7

VA sau cac bude bién ddi ta co : =— = 4
! (X+2)X3 8(x+2) 8x 4X2 2X3

7 7
Vay | :ILs x:.[ —L+i—i2+—3)dx
(x+2)x 8(x+2) 8x 4x° 2x
:_—5In|x+2|+§ln|x|+i—L2
8 8 4x  4x
y ol J‘x5+x—1dx
Tinh ' = | —7 = Y%,
) NCRENE
Gidi:
Thae hidn shén chi X° +x—1 X+1+x3+x—1
u R 2 3
IC n1€n pnep cnia X4—X3 X4—X3
L X+x-1 xX*+x-1 A B C D AX*(x-1)+Bx(x-1)+C(x-1)+Dx
Taco: ———5= — = —+—+—+ = 3
X" =X X*(x=1) X x° x x-1 X*(x-1)
_ AC - AX*+Bx*-Bx+Cx-C+Dx® x’(A+D)+x*(-A+B)+x(-B+C)-C
B x°(x—-1) B x3(x-1) '
. X+x-1 X*(A+D)+x*(-A+B)+x(-B+C)-C
Vay 4 .3 4 3
7 X" =X X" =X
Pé  x*+x-1=x}(A+D) + x*(-A+B ) + x(-B+C ) — C , ta c6 hé phwong trinh:
A+D=1
-A+B=0
_B+C=1 = A=0, B=0, C=1, A=1.
-C=1
X°+x-1 1 1
Va — =X+l
1 x*—x° x> x-1
Do do:
X°+x-1 1 1 X2 1
| =|—/————dx=|| X+1l+=+—— |dx= —+x——+In|x-+K .
jx4—x3 j( X x—1j 2 2x° x4
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Bai tap
3.1 Tinh cé&c tich phan :
) dx
b d
)Ix2—16 X C)I3X2
3dx 4— 3x
d)J.x2+x—2 e)jZX +X— 1 g)j(x 1)
I 3x2 +3x+1 dx ) I 3x% -4
v 2xe]) 2 (x-9)

3.2 Cong ty cho biét chi phi bién té dé san xuat ra san pham thir x 12

dC 5x , ,
—— =—————, khi x = 225 thi chi phi la 1136,06 $. Tim chi phi dé san xuat :
dx  /x2 +1000

a) 500 san phdm?  b) 1000 san pham ?

3.3 Ky tldc xa c6 500 cong nhan , sang chu nhat luc 8 gid ¢6 6 cong nhan dua tin  “ siéu
thi giam gia 20% . Bén 10 gio d& c¢6 180 cdng nhan biét tin nay. Cho rang toc do
truyén tin 1a ?j—':' =kN(500- N). N Ia s6 nguoi biét tin, t: thoi gian (gio), k 1a hang sb
chua biét.

a) Timham N = N(t)
b) Pén 2 gio chiéu sd ngudi biét tin 14 bao nhiéu ?
¢) Pén may giod thi c6 90% s6 nguoi trong ky tiic X biét tin ?
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§4. TICH PHAN XAC PINH

1. Bai toan dién tich :

n=4 C
[f‘C ) E
] .
7
m
15
104 D
D, *
A
A ; X % K
a 2 3 4
H.1 H.2
n=9 n— oo
C
® A ; 454 C
El 4 . 444
21 ]
il 0
159 151
104 i D
A ¢
0% 3 ! 5 &B AD 2 3 4 5 E B

Pé tinh dién tich hinh thang cong ABCD (H.1) ta chia doan ( a; b) thanh 4 phan bang

x b-a .
nhau d0 dai moi doan la AXZT (H.2). Néu dién tich thuc sy cua hinh thang cong
ABCD la Sthi
S ~ Tong dién tich 4 hinh chit nhat :
4
S = (xy). AX + F(x5). AX + F(xs) Ax + () Ax = D T OD)AX (14.2)
i=1
b-a , , . . o .
bat AX:T ta thay néu n cang lén , Ax cang nho va tong cac hinh chit nhat
n n
D FOG)AX canggan véi S (H2vaH.3), nghiala S = lim 2 f(x)Ax  vagoi day
i=1 N—-+o0 -1
la tich phan xac dinh cia f(x) trén [a,b].
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b n
Ta ky hiéu: If(x)dx= lim " f(x;).Ax
1

N—>+4o00 4
a 1=

(a doc la can dudi, b 1a can trén cua tich phan xac dinh ).
Néu gidi han nay ton tai ta n6i 1a f(X) kha tich trén [a;b].

Cong thirc Niuton-Lepnit :
Néu ham f(x) lién tuc trén [a;b] , c6 nguyén ham l1a F(x) thi

T f(x)dx=F(x)[. = F(b)~F(a)

Vi du 1: Tinh dién tich hinh thang cong ABCD trén hinh H.4 ,giéi han boi cac duong
2 ,
y :X?+1 truc Ox , hai duong thing x=1va x=4 .

a1 Al y=w2 2 +1
DIEN TICH = 2772 = A

gl int(w22 +1) %=1 Py

X2
Ha (0= 241

Dung c6ng thuc trén co :
4r 2 3
X X
=||—+1lldx= | —+X
=[5 [0

2. Céc tinh chat:
Néu f(x) va g(x) 1a cac ham lién tuc trén doan [a;b] thi :

b b
2 J-kf (x)dx:kjf(x)dx 'K hing sb.
a a

43 18 27
1 = [? + 4] — [g +1] = 7 (dvdt)
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b b b

) J[F00 £ g00kix= [ (0o [ gxax

o) [ 109ax= ] f0gd+ [ £(00x yoia<c<b

d) [ fodx=0 e) | f0adx == f()ox.
a a b

a a
- Néu f(x) 1a ham chin ( tuc 1a f(-x) = f(x) ) thi : I f(x)dx = 2] f(x)dx . (H.5)
—a
a

- Néu f(x) 1a ham l¢ ( tirc 1a f(-x) = - f(x) ) thi : If(X)dX=0. (H.6)

—-a
60
40
20
%

-40

B0

4 4
~ [ 3
H.5. Ham chén f(x) = x*+1, | (x? +1)dx H.6. Ham I¢ f(x) = x°, IX dx
—4 -4

3. Gia tri trung binh ciia ham sé:
Néu f(x) lién tuc trén [a;b] thi gia tri trung binh cua f(x) trén doan nay la :

f(x)_—_[f(x)dx

Vidu 2:

1 .
Cho f(x) :EX2+X+3 , tim gid tri trung binh ctia ham so6 trén [ -4 ;5].

5 p—
I(%x2+x+3)dx=42 Vay f(x):%zz4,67 (H.7)

ThS. TROONG QUOC THACH 80

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

2 L x+3

1
H7. 0=

Vidu 3: ) i
Ham chi phi san xuat mot loai san pham 1a :
C =0,005t? + 0,001t +1315 ($) , t>0
t: thoi gian (thang) . 7
Tim chi phi san xuat trung binh cho mét san pham trong nam thi 2.
Gidi:
Ta tinh gia tri trung binh cta C trén doan [ 12; 24 ]:
oA
2
c== 1j2 (0.005t2 + 0,011 + 1315 bt

24
= 15,01(3)
12

+1315t

1 {o,oo&3 . 0,012

12| 3

4. Dién tich gioi han boi hai dwong cong:

Néu f(x) va g(x) lién tuc trén [a;b] va g(x) < f(x) thi dién tich cia mién gioi
han boi cac dd thi  f(x) , g(x), x=a, x=bla:

b
A= (1109 -g00ldx]

Vidu 4:
a) Tim dién tich mién gi6i han bai d6 thi cua f(x) = x* + 2 va g(x) = x trén doan [0;1].
(H.8)

1

1 3 2
A= J.[(x2+2)—x]dx= {%—%ux} - 1—61 Aon vo dien tich
0
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8 Y3 10
£ =2+
4 [\ !
X

3_ ] A1 ]
\\‘—Yi‘- -

1_ A -4' Az
1850 05 1 15 2 # Ry

- X

H8. y=x+2vay=x H.9 y=3x*x%10x vay=-x*+2x

b) Tinh dién tich mién gi¢i han bsi 2d6thi  f(x) = 3x*-x*-10x va
gx)= -x*+2x.  (H.9)
Tim giao diém cta 2 d6 thi
3 -x2-10x = - X%+ 2x
3x*-12x= 0
X(x*-4)= 0 o x=0; 2; -2

Do thi cat nhau tai 3 diém.
Diéntichcantim 1A A: A = A+A,

0 0 2yt 0
A= J‘[(3x3 —x2 ~10x) — (-x? + 2x)]dx = I(3x3 —12x)dx = {%—GXZZI =12

2 -2 -2
2 2 4 2

A, = f[(—x2 +2x) - (3x3 —x? —10x)]dx = j(—3x3 +12x)dx {—%%xz} =12,
0 0 0

Vé,y : A=A+ A2 =24 (dth) .

Vidu5:

Pau ndm cong ty Tién phong du kién chi phi dién cho van phong cong ty ca nam 1a

Cy(t) =vt+25 (ngan $), ( t: thang). Nho chinh sach tiét kiém nén cudi nam cong ty nhan
. . . . t

thay tiéu thu thuc té luon thap hon du kién va cé phuong trinh 1aCy(t) = 20" 5 Tinhraca

nam cong ty tiét kiém dugc bao nhiéu? (H.10)
Gidi:

12 12 ) ) 3 2 12
j(cl—cz)dtz j Vt+25-— 5 ldt= |Z(t+25)2 ——-5t| = 31(ngan$)
20 3 40
0 0 0
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Cl=ggri(t+25)

Cd=t20+45

3.1 (ngan§ tiet kiem duoc

4 By 12 15

H.10 Ci(t)=+t+25; C2(t):%+5

5. Dung may tinh bo tii

1
sin .
Vidu 6 : Phai tinh I » dX  Ta chia doan [0;1] thanh 5 phan nhu vdy Ax=0,2,
0

sin x

cho f(x)= VL dung may tinh tinh dugc :
X 0,2 0,4 0,6 08 1,0
f(x) 0,993 | 0,974 0,941 0,897 0,842
1
sin )
ITO'X ~ Tbng dién tich 5 hinh chit nhat =
0
0,2.(0,993 + 0,97 4+....ccovvreeeinn., +0,842)=0,2 x 4,641 = 0,929 (H.12) (T4t

nhién la Ax cang nho thi d6 chinh xac cang cao)

Dién tich ddng 12 0,946 (H.11).

Dien tich = 0,246

023 0206 1
04 I

H.11. Dién tich 1a 0,946 H.12. Dién tich la 0,929
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Bai tap
4.1 Tinh cac tich phan xac dinh :
5 0 1
a) J.(x +1)dx b) J(2x+1)dx c) I(Zt—l)zdt
0 ) 0
-2 | ji
3
d) JWt-2pt e) [(ts -t it 9) dx
] J; 9 2x+1
1 1 2 .
h) Ie—zxdx |) J'|4X|dX k) J‘XT_ng
0 -1 -1
3
2e*
dx
d J‘2+ex '

0

4.2  Tbc do tang truong ( vé doanh thu ) ctia mot nganh cong nghiép tir nim 1985 dén

dr _ X . iy
1994 1a: —-=162t+2114e ' ©V6iR :doanh thu (ty $) vat =0 tng voi ndm 1985 . Biét

doanh thu cta nam 19851a 45,1 (ty $).

a) Tim ham doanh thu R = R(t). ’
b) Tim doanh thu trung binh mét nam trong thoi gian ttr 1985 dén 1994.

4.3 Tim dién tich gidi han boi d6 thi cia :
a) f(x)=x*-6x vag(x)=0.
b) f(x)=x*-4x+3vag(x)=-x*+2x+3
c) f(x)=3(x*-x)vag(x)=0.
d) f(x)= e*-1,9(x) =0vax=1.
e) fx)=x*,g9(x)=2-x*vax=0
f) f(x) = cosx va g(x) = x*
9) fx)=x*,g(x)=2-xvay=0.

4.4  Dung may tinh bo tai tinh gan dung cac tich phan
1

4
a) [e o o) [ Vx® +1.x
2

0
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85. POI BIEN V,}A TICH PHAN TUNG PHAN
TRONG TiCH PHAN XAC PINH

d

1. Doi bien va doi can

X
2Xx—-1

dx

Vidu 1: Tinh | =

= e, U1

Gidgi:
u?+1

batu= v2x-1 = u2=2x-1 =x=

Xx=1thi u=+42-1=1 , x=5thi u=+10-1=3
3

21 (u2+1 13 1(u®
o I:I— udu = —J- u2+)du= =|—+u
Co lu[ 2 ] 21( ) 2[3 ]1

Ta da khong tro lai voi bién cii ( x) ma dung bién méi (u) nhung phai nhé d6i can. (H.1 va

= dx=udu. Cac can:

1 1 16
= E{(9+3)—(§+1)}: 3

. . .. 16
H.2). Dién tich déu la 3

5 §=(12+1) 02
. 1l
y=4fsgt (%)
i " gf!
: |
| A LA [ 31
04
I R T A 21
1
1_
T{ U 15/3
L M
]
5
I X dx 17 2
Dién tich A = Dién tich B= = 1)d
en tic 1m en tic 2'I(u +1)du
H.1 Sir dung bién x H.2 Sir dung bién u
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b b
N b
2. Tich phan tieng phdn : Cong thic IUdV = [U-V]‘a —.[vdu

Vidu 2:
1
Tinh | = xe X dx
0
1 1
| = (XeX)O—J. efdx =1e'-0e'— (e'-€%) =e° =1.
0

Vi du 3: Tinh dién tich phan gach chéo trén hinh v&.(H.3)

Do thi y= x*2"exp(-x)
0.84

0.7
0.6
0.5
y 0.4
0.3
0.2
0.14

|||| |||||||||||||||||||||IIIII||||
3, 4 E] 5 7

o 2 i, 8 ] 10

H.3 Do thicia f(x)=x.e™

7
. 2,-
Dién tich szfx e Xdx
0

, L, or 2.
Trudc hét tinh | =J.X e ¥dx
Pat u=x° c6 du=2xdx

dv=e™ suyra v=-€
Theo cong thtc tich phan tirng phan:

| = x2(—e_x)—j—e_x(2xdx) = —x% X +I2xe_xdx
Pé tinh tich phan con lai & vé phai ta dit :

u=2x, cO du = 2dx ,

dv=e™dx suyra v=-e’*.
Tu do Ier‘de = —2xe % —I—e‘X(de) = —2xe ¥ -2e7* +C.

Vayl= —x?(e*)-2xe X =26 X +C = e *(x* +2x+2)+C .

7
7
Trday S :sze_xdx= [e_x(x2 +2x+2)]o - 65" +2~ 194
0
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Bai tap
51 Tinh céc tich phan :
3X 3 x4 In4x
a b Ie dx c Jx e” dx d
) [ ) ) 7
dx 4 3, 2\T 1413 2
e) J.E 0) J.(x + X7 +X%)" (4x7 +3x° + 2x)dx
e*dx T2 _2x+1
i) | 2xe* d
h)'[4+e I)-([X ’ JJ.x+x1
5.2 Tinh cac tich phan :
a) Ixe_zxdx b) [ %2 In xdx c) len x2dx
d) [InC+ 3 g) [ (x+2)Inxdx ) [xxce2d
2 6
i) Ixzezxdx k) x2 In xdx ) Jln(x+3)dx
1
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§6. TICH PHAN SUY RONG

2

dx
Co nguoi dé tinh tich phan IZJ‘X_Z nhu sau :
-1
PO (VL LB g
2 X 5 2.Tat ay bat hop ly khi so san - V61 phan dién tich

-1
tuong ung (H.1)

Do thi y= 172

5_
5_
o]
3_
]
1_
3 2 R 1 2, 3 4 5 ‘ ‘
H.1 Dién tich bang g?
Sai 14 6 chd ham f(x) = - gian doan trén [ -1; 21, cu thé 1a khdng bi chin tai x =0,
X

do d6 khong thé str dung cong thirc Niuton - Lebnit.

1. Tich phan cia ham khbénqg bi chan :

f(X) goi la khéng bi chan tai xo néu lim f(x) =
X—>X,

3
Vi du: f(X)=m khéng bi chan tai x =6.
Dinh nghia : Néu  f(x) lién tuc trén  [a;b) va 'iT_\f(X)\ﬂo thi ta goi tich phan suy
X—>

rong cua f(x) trén [a;b ] 1a:

b t

j f()dx= lim [ f(x)dx
t—b™

a a

Néu gidi han ndy ton tai , ta noi tich phan hoi tu (nguoc lai thi noi tich phan phan ky ).
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0
dx
Vidu 1: Tinh 1= | —
_1X

(%) ()

Tuong tu, trong truong hop f(x) khong bi chdn & cén dudi ta c6 dinh nghia sau :
Néu f(x) lién tuc trén (a;b] va Iim+|f (X)| = oo thi ta goi tich phan suy rong cia f(x) trén

Gidi :
t

. 1
= tllrgi (_I_ j = Vay tich phan phan ky.
-1 —

b b
[ab] I3 j k= lim [ £(9cx
a t

2. Tich phéan ¢c6 can ¢ vé cung :

Dinh nghia - Néu f(x) lién tuc trén [ a, +oo) thi tich phan suy rong
+00 t
j f)dx= lim [ f(x)dx

t—+oo
a a

Néu gidi han nay ton tai ta noi tich phan hoi tu ( nguoc lai thi tich phan phan ky).

400 dX
Vidu 2: Tinh 1 = IX—Z (H.1)
1

Gidi :
+00 t t
d d . 1
J. X_: tEToo ‘[X— - tI—>Too (_;jl - tEToo (_I—i_lj: 1' Tich phé'n héi ty.
b
(Vai tich phan J- F(x)dx ¢, dinh nghia twong tu )
—00
Vidu 3 :
+00 0

) —X _
Pé tinh tich phan suy rong fe X 3 phai tach thanh hai tich phan Ie dx vy
—0 —00

+00

Ie_xdx (H.3)
0
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2 3 0 : 2
e
H.3 D6 thicua f(x) =e™

Vidu 4:

4 X Y 1 ~ . . 7 \
bé tinh tich phan J.lm vi f(x) = W khong bi chan tai x = 1, ta tdch thanh 2
tich phan suy g A [—%5 . (Ha)

n — a . .
P yrong _1(x—1)3 1(x—1)3
1_"“-0-.. z 3 4
. 1
H.4 Do thi cua f(x) = 3 -
(x-1)
*hkhkkkhkhkhkkkhkkhkhkhkkhkhkhkhkhkhkhkhhhkhkhkhhkhkhkhhkhkhkhhkhkhihkhkhhihkhkhkihkhkhkihkhiiiki
Bai tap
6.1 Tinh cac tich phan :
+00 -1 +00
dx xdx
a) Je b) | 2 ) 5 —
Z[ —00 X -E[ X2 -16
+00 2
|X|d t1 dx
) Je"lox ) [-ox ) Poter
—0 0 & 0 (X _1)
9 4
) r dx . J‘ xdx ) j‘ dx
9) fo_ ' _
0 9-—x 3 XZ _ 9 L VX 1
]; +00 ) +o0 dx
k) | In xdx ) J‘X€ dx m) I ?
0 0 —00
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Chuong 111

HAM NHIEU BIEN

§1. KHAI NIEM VE HAM NHIEU BIEN

*hkkhkkhkkkikk

Bai toan 1 : Cong ty M. ban 2 loai hang A va B ; bAn mot san pham A 14i 2$ ;
Mot san pham B 14i 3$. Tong loi nhuan tinh dugcla P =2x + 3y (x va y 1a s6 san pham
A, B tuong tng ban dugc).
Taco mot ham 2 bién  P(x,y) = 2x + 3y.
x=10 ,y=20thi P=2.10+3.20= 80 taviét P (10;20)=280 ...

Dinh nghia: Néu voi mot cip sb ( x,y) xac dinh duge duy nhat mot s6 z ta goi z 1a
ham cuax vay, ky hiéu z= f(x,y).
Vidul : Ham ba bién
u="(x,y,z) =3xy+xz>.
Khidé (0,00)=0 (x=0,y=0,z=0thi u=0),
f(1,1,2)= 3.11+1.2°= 7.
Trong chuwong nay ta chi nghién ctru chi yéu cac ham 2 bién.

Do thi ciia ham 2 bién : Dé v& do thi ham 2 bién ta can hé truc toa d6 Oxyz vudng goc.

=0 - 2 415

= 4D -y

H.3 Do thi z = 4x°- y?
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Do thi ciia z = f(x,y) 1a mét mat , tdp hop ciia tit ci cdc diém cé toa dp (x,y f(x,p) ).

§2. PAO HAM RIENG

1. Dinh nghia :

Néu trong ham z=f(x,y) ta c¢6 dinh y thi ta c6 ham mat bién, bién s6 1a X, c6 thé lay
dao ham theo x cua ham mot bieén nay theo cach quen thudc . Bao ham nay goi la dao ham
riéng .

Cho z=1(x,y) ,daohamriéng cua z theoxla:

of - f(x+Axy) - fF(xY) 0z . _|. ¢/
—=lim onky higula = & Zx: |
xS0 Ax con ky hiéu la o X X

Tuong tu dao ham riéng cia  f(x,y) theo y 1a

of . T y+Ay) - (X y) 0z

—= lim S k9 hiey 13 — @ zh: f!
0y Ay Ay con ky hiéu la o y y

. of s . » . of
bé tinh & ta coi y la hang s0 va tinh dao ham nhu 1a ham mot bién. D¢ tinh 5 ta

coi X 1a hang s6 .
, e ‘ o o
Vidu 1: Choz=1f(X,y) = x“+3y+7 thi ox =2x va oy

of of _ 2
Vidu 2: Véi z=f(x,y)= x*y+2xy+5co &=2xy+2y va azx +2X

Vidy 3 : z:x2+3y+§ thi %=2X+% ; 2—;=3—%
Vidu 4: a) Choz=2x+ Y+ (5x+7y)? thi
ﬂ=2 + 2.(5x+7y).5 : ﬂzz)/+2 (5x+7y).7
P : : 'y : :
. ou u_ .
b) Cho u=2x+cosy +xy thi &=2+y ;E——smyH.

2. Ham san lwong Cobb - Douglas :

P6 laham Q (xy) = AX* .y, (A>0va0<a<1),

Q: gidtrisan lugng; x:chiphinhéan cong; vy : von.
Vi du 5: Mot nha may c6 ham san lugng1a:  Q(xy) =50x"°y"°.  (H.1)
a) Tim san lugng khi chi phi nhan congla 125 donvi va von la 64 don vi.
b) Tim san lugng bién t€¢ theo x khi y=64 vax= 125.
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Gidi:
a) Q(125,64)= 50.(125)73(64)*= 5.000 don vi.
11 1
oQ 2 —5 o 100(y)s
b) o 50.§x 3y3 = T(;j
1
. _0Q 100( 64 \3
voi y=64, x=125 thi &‘(125,64) = T[E} ~
Nghia 1 tai mtc von y = 64 ( ¢d dinh) va mirc chi phi nhan céng x = 125 thi ting 1 don vi
nhéan cong sé lam tang (khoang ) 27 don vi gié tri san lugng.

Do thi G=50x~2/3y(1/3)

*hkhkhhkhhkkikkhhkhhhkihkihhkhrhkihkkihkkhikhrhkihkirhkhrhhkihkhihkihkihkkhihihkiikiiikx

Bai tap

2.1 a)Chof(x,y)=x*-2y. Timf(0,-2) vaf(2,3).
b) Cho f(x,y) =3+ 7xy. Timf(0,-2) ; f(-2,1).
¢) Chof(x,y,z)=x*-y*+2z*. Timf(-1,2,3) vaf(2,-1,3).

. 0L 071 01 .0z .
2.2 Tim, , &, 5, &‘(_213), 5‘(0'_5) VO1 :
a) Z = 2X - 3Xy b) z=3x*-2xy +y

2.3 Timf,vaf,:
a) f(x,y) = 2x-3xy b) f(x,y) = 3x2-2xy+y  c) f(x,y) = 5vx —6y?
X 2 2
DY) =, e) f(x,y)= x’e” 0) fixy)=e "
24 Timf,vaf,:

a) f(xy)=yx?+y? b) f(x y)=e>*+Y

) T(xy)=e” d) F(xy)=y.In(x+y)
) Ty =23 9) (xy)=3@x+y-5)’
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§3. PAO HAM CAP CAO - CUC TRI

1. Pao ham cap cao:

0z
Cho z=f(xy)= 3xy’+2xy +x. Tacé:&=3y2+2)’+2X

. . . o (oz /

Lay dao ham tiép tuc theo bién y ta co : 5(&j= (3y2+ZY+2X)y= 6y+2

Ta ky hié i(@} i Zxy = 6Y+2 vagoi day la dao ham cap 2 hon h

a ky hiéu : oy \ ox oyox Xy va goi day la dao ham cap 2 hon hop .
ViduI:Cho z=f(x,y)= x%+2xy+ Yy’ Tim cac dao ham riéng cip mot va cap hai .

Gidi :

0z
Taco: — =3X°y+2y,
OX

. 0°z
Pao ham thém mot 1an nira theo x ta duoc: Pl = 06Xy
Pao ham theo x rdi theo y ta d 27 g2
ao ham theo X roi theo y ta duogc: ayox .
2 2
Va a = x3 +2x+3y?; oz =06y ; oz :3x2+2_
oy oy? OXoy
Vidu2 : Cho z=f(xy)= x*+3xy
zf(:2x+3y; z(,:3x; zf(/y=3
zQ’X=2 ; z{,/yzO ; zf,/X:B_

2. Cuctri:
Dinh nghia: i )
Ta n6i ham z = f( X,y ) ¢c0 cuc dai ( dia phuong ) tai diétm ( a, b) néu
f(a,b) > f(X,y) véi moi (x,y) nim trong mot 1an can nao d6 ctia (a,b).
(Phét biéu tuong tu voi cuc tiéu dia phuong ).

*** Sau day noi cuc tri ta hiéu 13 cuc tri dia phuong.

Zlcuc dai)

z(cuc tiew) I:I_Q
¥
T T =2

o ST
M

04 oo
[ = N I O Y - 7]
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\ . i, . 2 2
Do thi ctia ham s6 ¢ cuc tri. H.1. z=xe ™ 7Y
3. Quy tac “d” : Cacbwéedéfim cuctricia z=f(xy):
l' Tllnh Z’X, Z’y, Z”XX1 Z’,yy, Z’,Xy

2- Tim nghiém  (xo, Yo) cCua h¢ 2 phuong trinh  z’,= 0 va 2’y = 0.
P(Xo,Yo0) goi la diém dung .

3 Lap bigethire d(P) = 2, (P). 2y, (P) —[ZZ(P)T
4 Néu a  dP) > 0 v 20(P)<0 (a
Zo(P)va z,,(P) déuam)thi  f(xoyo) lacyc dai
bdP)>0 va  Z(P)>0 (aa  zy(P)va z,,(P)

déu duong ) thi f(xo,Yo) la cuc tiéu.
¢/ Néu d(P)< 0 thif(xo,Yo) khongphaila cuc tri.

d/ Néu d(P) =0 thi chua thé két luan vé cuyc tri.

Vidy 3: Tim cyc tri hAm s6  z=x*+ Xy + y* - 3X.
Gidi:
z’X:2x+y-3 ; z’y:x+2y
zXX 2, zgy:Z; zXy =1,
2X+y-3=0 <=2 1
z A N f— = 1 = —
C0 h¢ phuong trinh X+2y =0 y

Ham c6 diém M( 2;-1) 1a diém ding.
d(M)=2.2-12=3>0, zh(M)=2>0 .
Vayzcocuctibula zer= f(2;-1) = 22-1.1+1%-3.2=-3.(H.2)

do thi z=x"2+ny+y"2-5x

, H.2 Cuc tiéu
Vidy 4: Mot co so san xuat 2 loai banh ngot ban voi gia 28/hop va 3$/hop. Ham chi phi
sanxuatla: C(xy)= 2x*-2xy+y -10x+7y+7 (ngan$), vsi x lasin lugng

loai thir nhét ( ngan hop) , y 1a san lugng loai thtr hai (ngan hop). Co s nén san xuat moi
loai bao nhiéu dé c6 loi nhuan t6i da ?

ThS. TROONG QUOC THACH 95

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

Gidi:
Ham doanh thu la R(x,y) = 2x+ 3y (ngan $).
Ham loinhudn P= R-C = 2x+3y- (2x°-2xy+ y*-10x + 7y + 7)
=-2x" +2xy - Y + 12x - 4y - 7.

P’y=-4x+2y +12 P'yv=2x-2y-4
p/l—_g - pll—_p . pll_o
XX — ’ vy — ’ Xy —

C0 h¢ phuong trinh:
—-4x+2y+12=0
2x-2y—-4=0

d(M) = (-4).(-2)-22>0 . Pl(M)=—4 <0. Vay P (4,2) lacuyc dai.

Két ludn : Co s nén san xuat 4.000 hop loai 2$ va 2.000 hop loai 3$.

4. Vi phan toan phdan

Vi phén toan phan cia z = f( x,y ) duoc tinh theo cong thic : dz = f,dx + ', dy

= x=4 va y=2  diém dimg M(4;2)

Vidu 5: Tuong quan gitta dz va Az
Choz=x*-y*. Taix=1,y=2 tinh dzva Az véi Ax=0,01va Ay=-0,03.
Gidi:
* Az= f(x+AX;y+AY) -f(XY)
Thé cac so vao, taco :
Az = f(1,01;1,97) -f(1;2) = 1,01°-1,97*-(1?-2*)= 0,1392

* dz= 2xdx-2ydy = 2xAx-2yAy = 2.0,01)-4.(-0,03)= 0,14
Tathdy dz~Az khi Ax va Ay nhé.
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Bai tap
31 Ti 8%z 0%z 0%z _
. im 3 o2 oy
a)z=2x-3y+5 b) z = 5Jx - 6y?
d)z=3x*-xy+y e) z=xy' +x% flz=x+¢".
3.2  Tim cuc tri dia phuong :
a)f(xy)=x'+xy+y -y d) f(x,y ) = x> + 2xy + 3y’
b) f(x,y ) = x3 + y* - 3xy &) f(x,y)=x*+4y*-x + 2y
c) f(xy)=4x* -y’ 9) f(x,y) = e*siny.

33 “Hamz=(x- 5)2 + (y+4)? +20 dat gid tri cuc tiéu 1a 20 khi ca hai binh phuong déu
bang khong tirc 1a khi x = 5 vay = - 4 “. Hay kiém ching phat bi€u trén bang cach
dung quy tac xét cuc tri.

3.4 “Ham sé z = 10-eX*Y° dat gid tri cwe dai 13 9 khi e =e® =1tirc A khix =0 va
y =0 “ . Hay kiém ching phat biéu trén bang quy tac tinh cyc tri.

3.5 Mot xuong san xuat bong da va bong chuyén véi gia ban bong chuyén 18 $/qua; bong
da 25%/qua. C6 ham chi phi san xudt 1a C( X,y ) = 4x% - 6xy + 3y* + 20x + 19y +
2(ngan $).

Vé&i x 1angan qua bong chuyén , y 12 ngan qua bong da. Véi mdi loai san lugng 1a
bao nhiéu thi nha may c6 loi nhuan t6i da ?

3.6 Nha may AZ-Budapest chuyén san xuat 2 loai may phat dién cho quéan doi.

Loai G chay xdng va loai D chay dau c6 cac ham cau 14 :
X=78-6py+3p, ; Yy=66+3p;-6p;
(X, Y, p1, P2 1a s6 lwong va gia twong tmg ctua mdi loai ).
Hay dinh gia py, p, dé c6 doanh thu tdi da .

37 Choz=x*+Vy
a) x=5 ,y=12, Ax=0,01, Ay=0,01. TinhdzvaAz.

b) Tinh dzvaAz trong truong hop x=4,y=4, Ax=0,01; Ay =-0,01.
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§4. CUC TRI CO PIEU KIEN

Vi du I: Xéthamsé z=x +y2+3 thiy ngay co zmin= 2(0,0) = 3.
Bay glo ta tim cuyc tri ca z thoa diéu kign x+2y=I tire 1a cuc tri nay phal nam trén

mat phang x+2y=1 ( mit phang nay // véi truc Oz) va nam trén giao tuyén G.
(H.1, H.2 va H.3).

12 Z = x24T

q \‘ - %+ 2%y =1
2

7 = ¥'2+y243

[ T =N T S |

04 |2 D- i’- 5
: 0 EUY

H.3.z = x*y*+3 va x+2y=1

Ta c6 hai cach lam:

Céch 1:
. ] 1-x Lo s ]
Toex+2y=1cé y:T thé vao ham z cé
1-x 5 x 13 .
z=x +(T)2 +3 —sz _E+Z day 1a ham mot bién .
_ 16 1l 2
Dé dang tim duoc  zpin = z( ) =5 (x—g thi y—g).
Takét luan : Him z = x*+y?+3 ¢0 cuc tiéu zpin = f(% ;% = ? thoa diéu
Kién x+2y=1 .
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Viéc dua ham z tré thanh ham mot bién ddi khi c6 kho khin nén ta tham khao thém
phuong phép sau :

2. Phwong phap nhan tir Lagrange .

Tim cuc tri ciia z = f(x,y) voi diéu kién h( x,y ) = 0.
1- Lap ham L(x,y,A) = f(x)y)-Ah(x,y). A c0 tén la nhan tir Lagrange.
2- Giai hé 3 phuong trinh L’y=0; L’y=0; h(xy)=0.
Gia str ¢c6 nghiém 1a ( Xo; Yo; Ao ).
3- Néuf(x,y) co cuc tri (¢ diéu kién ) thi cuc tri @6 chinh 1a f ( Xo,Yo ).
( lueu Y : Phuwong phdp nay chi givip ta im diém dirng ciia ham s6 ma khdng cho ta
biét d6 cé phai 14 cuc tri hay khéng ).

Tro lai voi vidu 1 : Tim cyuc tri ham s6  z = f(x,y) = x*+y*+3 thoa diéu kién x+2y=I.
- Coh(x,y) = x+2y-1=0.
- Lapham L(xy,A) = X2 +y2 43— (x+2y-1).
- C6 hé gom 3 phuong trinh
CLUi=2x-2=0 ; Ly=2y-22=0 ; x+2y-1=0
2 1 2
iémla : A== XxX== | y=—,
, Nghlcm, la : c s y 5 ‘
Két luan : Néuham z = f(x,y) = X?+y*+3 ¢0 cuyc trj thoa diéu kién x+2y =1 thi cuc tri

v f(L2) (1), (2) 5 18
nay la o : : -

Bai tap
41  Tim cyc tri co diéu kién
a) z=f(x,y)=xy, diéu kién 2x + y =8
b) z=f(x,y)=4-x*-y*, dicukiénx +2y=10
¢) z=f(xy)=x*+y*, diéukién2x + y=10
d) z=f(x,y)=xy, diéu kién x* + y* = 4.
4.2  CONg ty san xuat mot loai hang tai hai dia diém A va B . Tai A chi phi san xuat 1&

2 3
C, =10+%, tai B1a C, = 200+y3 ( xy 1 san lugng). Pé san xuét 10.100 san
pham, cdng ty nén phan b cho 2 dia diém thé nao dé co tong chi phi san xuat tbi thiéu ?

4.3 GRU 13 mot truong cao ding , a0 tao chuyén vién tin hoc tai 2 dia diém A va B.
Chi phi dao tao tai A 14 C5 = 0,015x% + 72x + 5200 ; tai B 12 Cg = 0,01y* + 70y + 9300 .
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(véix, ylasd hoc vién ). Truong duge phan chi tiéu 500 hoc vién, truong nén phan bo
hoc vién ra hai dia di€ém nhu thé nao d¢€ co chi phi thap ?
4.4 a) Tim cyc tri cua z = f(x,y) = 4xy voi diéu kién x> + y* =8
b) Tim cuc tri caa z = f(X,y) = xe” diéu kién x* + y* = 2.
¢) Tim cuc tri ctia z = f(x,y) = x%¢” diéu kién x* + y* = 3
d) Tim cuc tri ctia z = f(X,y) = 4x%y diéu kién x> + y* = 3
45 Mot cong ty c6 ham san lwong Cobb-Doughlas 1a Q(x,y) = 50x*°y*. Cong ty

du kién dau tw 600.000$ cho san xuat , cong ty nén phan bo so tién nay cho nhan
cbng va von nhu thé nao dé c6 san lugng toi da ?

4.6 Cong ty san xuat mot loai hang tai 2 dia diém A va B, tai A ham chi phi la
Ca =0,05x% + 15x + 5400, tai B 12 Cg = 0,03y” + 15y +6100 ( x va y la san lwong

tai timg dia diém) . Ham caula : p=225-0,4 (X +y).
Cong ty nén phan b san luong cho 2 dja diém nhu thé nao dé c6 loi nhuan t6i da ?

Chuong IV

PHUONG TRINH VI PHAN

§1. KHAI NIEM VE PHUONG TRINH VI PHAN

Dinh nghia : Phuong trinh vi phan 1a phuong trinh ¢ chtra cac dao ham.
Dang F(x,y, ¥, y’,.....) = 0. Taphaitimy = f(x) .

Vidu 1: Timhamy =f(x) thoa y’ =2x.
Ta thdy ngay nghiém 1a y = x* , hay tong quat hon y = x* + C. C0 thé tinh toan chi
tiét nhu sau :
_dy _ dy

=i = &=2x = dy=2xdx. TichphénZvé:de:JZde = y:x2+C

hoac tr y’ =2x tich phan 2 vé jy‘dx = j2xd><, & vé trai tich phan va dao ham triét tiéu

ldn nhau, c6 y=x>+C.
Nghlem ndy con goi 1a nghiém téng qudt (dang y = f ( x,C)).
y= X2+ 1 la mét nghiém rieng (C = 1) thoa mén didukién x=0,y=1 (H.1)
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N—
Y

H.1 Cac duong cong y=x*+C la nghiém cua phwong trinh Y/ = 2x.

Vidu 2: Cho phuong trinh vi phan Y'=e* +5x+3 (¥)
a) Tim nghiém tong quat .
b) Tim nghiém riéng thoa man diéu kién ban dau x=0,y=4 (y(0)=4).
Gidi:
r X2
a) Tich phan 2 vé : Jy‘dx='[(ex +5x+3)dx < y=e" +57+3x+C (**)

Day la nghiém tong quat ctia pt (¥).
b) Thex=0, y=4vao (**)taco :

2 X2
4=e°+5%+3.0+c — C=3. Vaynghiémriéng 12 y=¢€ +5?+SX+3.

H.2 Cac duong cong y=¢" +gx2 +3x+C langhiém cua phuong trinh y = e*+5x+3
Vidu 3: y=e* c6phaila mot nghiém cta phuong trinh y”’+y’- 20y =0 ?
y=e¥thi y=4.e¥ ; y’=44e" = 16"

Dodo: y’+y —20y = 16.e™ +4.e*-20e™ = 20e™-20e™ = 0.
Vay y=¢e" dung la nghiém.

*hkhkkhkhkhkkhkkhhkhhhkkihkihkhikhkihkkikkhikhihihkiikiiikix

Bai tap

ThS. TROONG QUOC THACH 101

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

1.1  Tim nghiém tong quat cia :

a)y =4x° b) y’ = e+ x C) %z%—x2+x5
1.2 Timnghiém riéng :
Ay =x*+2x-3; y0)=4 b)y' =3x*-x+5; y(0)=6
d
Oy =x-x; y(1)=-6 d) g =2x+1; y(0)=3
dy dy 1
Q) g = VX V@) =0 0 5T Y=l

§2. PHUONG TRINH CO BIEN PHAN LY

Dinh nghia :
La loai phuong trinh ¢6 thé chuyén vé dang :  g(x)dx = h(y)dy.

d
Vidy 1: Giai phuong trinh : d_zl( =2xy (1)
Gidi :

Ta thay y =0 la mot nghiém cua pt (1)
Suyra: d_y:2de (y#0) < Id—y=I2xdx s hnlyl=x*+C < /y/=eX2+C=eX2eC
y

y
Pit C, =+e° c6 nghiém tong quat Y = C,e*.
. . 2dy e en
Vidu 2: Giai phuong trinh 3y ix +x=0 (2) voidiéu kién y(0) = 5.

Gidi:

Tr2)=> 3y23—y= —X < 3y’dy = — xdx
X

2 2
& '[Byzdyzj'—xdx N y3=—X?+C & y:,3/C—X?

La nghiém tong quat cia pt (2).
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. . 02
Thé x=0,y=5 vao tadugc: 5= 3C—7 < 125= C |

2
X
Vay c6 nghiém riéng : Y = 3\’125—7

Vi du 3 : Mot ngudi goi vao ngan hang sé tién A, 13i suat r ( %/ nam) don 14i lién tuc , sau t
o : X N dv N
nam so tién nguwoi d6 nhan dugce 1a V(t) thoa phurong trinh T r'V=0(3). TimV({)?

Gidi:

. dv dv dv B
Tu (3) = E_rv = v =rdt < -[V _Irdt < InvV=rt+C (V>0).

oV=e™C (=  (VO)=A ticlat=0 thi V=A)
Taco A=e™° =e® & C=InA,

Thé vao (*) ta dugc:  V = el tHINA _grt gNA _ pptt
Vay V() =A.e".

Vidu 4 : Mot cong ty phan phdi bong Tennis nhan hiéu S. Thu thap so liéu thay rang ty
1€ P nguoi mua bong cua cong ty phu thudc vao so lan t quang céo trén ti-vi (trong mot
tuan). Duya theo bang sau :

t| 0 10 20 30 40 60 (lan)
P| 0,02 0,07 0,22 0,50 0,79 0,95
Do thi & H.2 c¢6 hinh dang giéng do thi ctia ham ting truong logic (H.3) nén co thé gia

. . dP
thuyet rang ~- = kP(L-P). TimhamP(t) , (0<P<1).

0 1.2
D.B' ol 14
0.5 0.8
e P0G

0.41
04
D.Q' . 021
. _
D10 2030 40 & & Ty 60 &
H.2 H.3
Gidgi
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P owa-r)e — P i o | dp
dt PI-P) PI-P)

=Ikdt
& [E-—)dP=k+C © INP-InQ-P) =ki+C
P 1_p

o Ih———k+C o ——ekc o 1ZP_ ko)
1-P 1-P P
1

1 . _(kt+C) 3 _
< E_l_e < P_1+e—(kt+C) 1) QP_:H_e—kte—C )

Theo gia thuyét P(0) =0,02 nén 0,02 =

1+e_C
- =49 thévao (2) tac6 P= ——
1+49e
Ma P (10)=0,07 nén 0,07 = ————~
(10) 1+ 49 10K

o 1449 1K 14923 o e 1% _ 027 — _10k=In027 < k=013

Két quia cudi cing 1a P(t) = 1+ 490023 -

§3. PHUONG TRINH VI PHAN

TUYEN TINH CAP MOT

La ptco dang y’ + p(x)y = q(x)

Vidu 1:  Tim nghiém tong quat cia y’ + 2Xy = —
Gidi:

Lap thira sb tich phan dang : u(x) = &/ PO

2,
eijdx X

Taco: u(x)=
X2 .
Nhan € vao 2 vé phuong trinh :
X X X*, =X’ 2 2
e” y+e” 2xy=e" xe " o e’ y+e’ 2xy=x
Pé vy rang :
2 / 2 2 2 /
(eX y) = 2xe*y+y'e" co (eX y) =X

7 7 2 / 2
Nén lay tich phan 2 vé ta duoc: j(eX y) dx = jxdx = y:X—+C
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TOm tdit cdach gidgi nhw sau :

1- Lap thura s6 tich phan u(x) = ef p(x)dx

2- Nhan u(x) vao 2 vé caa phuong trinh
3- Viét vé trai phuong trinh thanh dang [ « (x).y]'.
4- Tich phan 2 vé rdi rat duogc y.

Vidu 2:  Giai phuong trinh  xy +2y=5x> ().
Gidi:

Tu pt (1) ta co: y'+gy: 5x> (*) (x=0)
X

jgdx

Taco: u(x)=e X

X2y + X 2 y =5x°x* < (x°y) =5x* < I(xzy)/ dx = I5x4dx
X

2Inx _ _Inx? 2 A 5 I
—e =e " =X°, nhanx?vao 2 vé cua (*)taduoc:

C
oxXy=x+Ceoy=x+—.
X

Bai tap
3.1  Giai cac phuong trinh ¢6 bién phén ly sau :
dy 3 o dy dy 2x
— =4x 3y —="5t —=—
) dx y b) =¥ dt ©) “dx y
dR 3 . . ' -2.
) ey e) y'=3x+xy; y(0)=5 f)y=5y"; y(2)=3
3.2 Giai cac phuong trinh tuyén tinh cap mot :
a) Y -2xy=2x b) y +2y=e* c) xy -3y=x
d) xy+y+x=¢* e) Xxy+(2+3x)y= xe™
X
f) Xy +xy=x* y(@2)=5 y+ y=x,
) Xy +xy y(2) 9) Y2
ThS. TROONG QUOC THACH 105

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 2. Giai Tich

§ 4. PHUONG TRINH VI PHAN CAP HAI

1. Phwong trinh vi phan cap hai dang don gidin

Vidu 1: a) Timnghiém tong quat ciia phuong trinh y’” = e* +1 (1)
b) Tim nghiém riéng théa y’(0)=1 , y(0)=4.

Giai :
a) Tich phan hai vé ctia (1) taco: [ y'dx=[(e*+Ddx < y =e*+x+Cq.

2
e A A ~ [ X
Tich phan lan nita : Jy dx:J(eX+x+C1)dx & y= ex+7+C1x+C2,

Day la nghiém tong quat ciia phuong trinh ().

14X
b) Tur {y_e FXC g 122 404C, = C =0 (e =1)
y'(0)=1

X X2 C 0 02
TeY=¢ T5*%2 co4=e +—+C;=C, =3
y(0)=4
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2
X
Vay nghiém riéng la y = e* 53 (HY

y = explx) H202 43
{yDF4 Y =1}

5 4 2 ! 2 i

H.1.Nghiém riéng cua pt y' = e*+1

2. Phuirong trinh tuyén tinh thuan nhét hé sé hang:

Laptcddang y’+ ay’+ by = 0 (*¥) , a blahangsd.

Vidu 2:  Giai phuong trinh y’” -5y’ + 6y =0 (2).

Thay ngay y = 0 1a mot nghiém .

Tathorvei y=e . Coy = ke® | y’= kK* e thé vao (2):

K2e-5ke+6Kk2e™ = e (k?®-5k+6)=0

Ta thay phuong trinh thoa man véi k =2 va k =3.

Vay y; =e® vay,= e* langhiém cua (2).

Bay gio tatht xem y= C;e*+C,e* c6 phailanghiém tong quat caa (2). Taco :
y’ =2C,e*+3C,e¥ ; y’=4C,e*+9C,e*

Thé vao (2) :

4C, €™ +9C, e¥*-5(2C, e® +3C, %) + 6(C, e* + C, e¥) =

=10C, ™ -10C, e* + 15C, e* - 15C,e* = 0

Viy: y= Cpe”™+C,e* langhiém tong quat cua (2). (H.3)

0 7 = exp(3)
by 5
2 1 é %{ 2 51 ¥ = exp2y)

A0 Y33

0
e srﬁjy .

4 05 13 Tas 1 15

[ R e |

H.3 Ho nghiém cua pt thuan nhat H.4. 2nghiémriéng y=e*; y=e*

*** Ta dua vao dinh Iy sau dé im nghiém tong qudat ciia phwong trinh thuan nhdt:
y"+ay +by=0(%).
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Dinh ly -

- Néu kyivaksld 2 nghiém cia phwong trinh dic trung k* + ak + b =0 thi
nghiém tong quét cua (*) 1a y= CeM¥ 4 C ek

- Néu phuong trinh dic trung c6 nghiém kép ko (A=0)

Thi nghiém téng quat ctia pt (*) 1a : y = Cyxe0* + C,e*o*

( Ta khong xét truong hop A<0).

Vidu 3 : Giai phuong trinh y”’ -2y’ +y=0 (3)
Phuong trinh dic trung k?-2k+1= 0 c6 nghiémkép ko=1
Vay nghiém téng quat cia (3) 12 ¥ = Cixe* +Cpe*,
3. Phwong trinh khong thuan nhat:
Laptdang: y”+ ay’+by =d , a,b,d:hiangsé.

Vidu4: Gidiy” -5y +6y=-18  (*¥)

. s 18
Tathayrang Y = e —3 la mot nghiém riéng cua (**).

Str dung két qua trong vi du 2, béng phép thir ¢6 thé thiy ngay rang :
y=C,e*+C,e* -3 langhiém tong quat ciia (**).

Tém tdr: Nghiém tong quat ctia cia phuong trinh khdng thuan nhat  y’+ ay’ +

d
by = d 12 y=y.+ .

Trong d6 y; la nghiém tong quét cua phuong trinh thuan nhat y’+ ay’ + by = 0.

Vidg 5: Choy”- 2y’ +y = 7.
Yéu cau: a/ Tim nghiém tong quat .
b/ Tim nghiém riéng thoa y(0) =3, y’(0)=-2 .

a/ Dung két qua & vi du 3 ta c6 ngay nghiém téng quat1a Y = Cixe* +Coe* +7 (%)
b/Cho x=0cd 3=Cp.0e°+ Ce®+7 => C,=-4.

T (*) c6 y = Ci+ Cixe* + Cue™.

Cho x=0va C,=-4 tacd: -2= Cie°+ C;0.e%- 4° => C,;=2.

Vaynghiémriéng 1y =2xe* —4e* +7 .
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H.1 Céac duong cong y= Cixe*+C,e*+7

Bai tap

4.1  Giai cac phuong trinh vi phén :
aQ)y’+ 4y +4y =0 b)y’- 7y +10y = 5

)y’ Sy +6y =6 ; y(0)=4, y0)=7
dy’- y-2y=8; y(0)=1,y0)=4
e)y’+ 10y’ +25y = 0 .

¥ =2l A expl
(OF3 Y 02}

o4y 2 U R

H.2 DPuong cong y= 2xe* -4e*+7
(thoa y’(0)=-2 va y(0)=3) .

4.2  Giai cac phuong trinh vi phan ( tim nghiém tong quéat ,nghiém riéng ):

9y =x2+1,
b) y' +e¥=3  ;y(0)=2;y©=5.
o) vy +x+x2=0 ;y0)=-4;y (0)=1
d) x”:y2+4 ;x(l):3;x/(1):4_
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	Bài tập

	 
	Ví dụ 2:  Giải phương trình �   (2)     với điều kiện y(0) = 5.




