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§ 1. MA TRAN

1. Khai niem vé ma trdn

Dinh nghia 1:

Ma trdn cdp m x n 1a mot tip hop gom m X n con s6 duoc Viét thanh bang chit nhat
gom m dong, n ¢ot nhu sau:

dwong chéo chinh

& 1a phan tir nim & dong i cot j . Ta c6 the viét ngdn gon 1a: A= (a;) véi a; la phan
to & vi tri (i,)) cua A.

p 2 0
Vide 1: a) A=(

7 9
a,=2,; a,=0; a;=1;a8,=7;a,=9;a,=-5.

1) . ; 5 .o Ao 1
—5J & ma tran cap 2x3 va c¢O cac phan tu la:

ThS. TROONG QUOC THACH 1

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Giao trinh Toan Cao Cap Phan 1. Nai so Tuyen Tinh

2

V2
1
bll:g : b12:2;b21:3;b22:\/§;

b) B= A ma tran cdp 2x2 va c6 cac phan  to:

w g

c) c=(0 1 0) lamatran cip 1 x 3 vaco cac phanti: ¢; =0; ¢, =1;¢,=0;

» Cac loai ma tran :

_ Matrdn vuéng cdp n : 1a ma tran c6 sd hang bang s cot.

_ Matrdn khéng : ky hiéu O néu tit ca cac phan tir déu1asd 0.

- Matrdgn don vi : Ky hiéu I, 12 mot ma trin vudng cap n ma tat ca cac phan tir
nam trén duong chéo déu bang 1, cac phan tu khac déu bang 0.

(8 =1néui=j va &; =0, i=] ,Vij)
- Matrdgn dwong chéo : La ma tran ma tat ca cac phan tr bén ngoai dudng chéo

déu bang 0.

- Ma trdn tam gidc tén : L4 ma tran ma moi phan tir & bén duéi duong chéo
déu bang 0.

- Ma trdn tam gidce dwdi: LA ma tran ma moi phan tr & bén trén dudng chéo
déu bang 0.

Ma tran tam giac trén hay ma tran tam giac dudi goi chung 1a ma tran tam giac.
Vidu 2 :

2 00
a)A={8 1 0| lamatrantam giac dudi, va la ma tran vudng cap 3.
6 3 3

-1 8 0

byB=| 0 1 2| lamatrantam giac trén.
0 0O
100

c)C=|0 2 0] lamatran duong chéo.
0 0 3
1 0 0

d) 1 = 0 1.0 la ma tran don vi.
0O 0 .. 1

Dinh nghia 2:

Ma trdn chuyén vi ciia ma trin A ky hiéu 13 AT : 12 ma tran nhan duoc bang
cach lay cot 1 ctia ma tran A viét thanh hang 1 ctia ma trdn AT, cot 2 ctia ma tran A viét
thanh hang 2 ciama tran A", ...
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2 7
Vid:3  Cho A:(i ’ _15] thi AT =0 9 |,
1 -5
1
1 T_| & 3
B=[5 J:B =15
3 \/E 2 \/E

Tathéy (aﬁ):(aji) va (AT)T =A.

2. Cac phep toan voi ma tran

DPinh nghia 1: Cho hai ma tran A, B cling c4p. Ta néi A = B néu

a; =b; , Vi, j

1 !

Dinh nghia 2:
Cho hai ma tran A, B cing cap. Tong hai ma tran A va B (ky hi¢u 1a A + B)

A+ B:(aij +bij) Vi ]

*  Tong A + (- B) duoc ky hiéu boi A — B va goi 12 hiéu cua ma tran A va B.

1 4 1
Védud V&i A= 30 va B= 3 thi
-2 5 7 2 11

1 3 0 3 41 4 7 1
A+B= + =

-2 5 7 2 11 0 6 8

1 3 0 3 41 -2 -1 -1
A—B= - -

-2 5 7 2 11 -4 4 6

Vidu 2:
Cong ty M co 2 kho 1va II. Lugng hang ton kho dau ky 1a :
Kho I : 15 tan gao, 80 tan dau an, 30 tan duong.
Kho Il : 11 tan gao, 21 tan du an va 31 tan dudng.
15 80 30
11 21 31} '

Tir ddy c¢6 ma tran hang ton kho Mg = (
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Néu c6 ma tran hang xuat trong ky 13 A va nhap trong ky 1a B, thi hang ton cubi ky co
matranla My =My +B-A,

Dinh nghia 3:
Cho ma tran A tlly y va mot so thuc « . Ta goi tich cia a véi A (ky hiéula a A) la
ma tran :
B=aA< b= (ag), Vi, ]
Vidu 3
1
V&i A:[ 3 OJ, a=2 thi
-2 1 4
1 3 0 2 6 0
aA=2. =
-2 1 4 -4 2 8
Dinh nghia 4:

Cho hai ma tran A, B . Tich cua ma tran A va B (ky hiéu 1a AB) la ma tran duoc
xac dinh boi :

AB = (ab); = (a,b; +a,b,; +.....+ 2, b;) , Vi,

Vidu 4 Vi A= [; ij , B= (2 gj dé co ma tran AB ta thuc hién nhu sau
6 5
2 0
1 7 6.1+2.7 51+0.7
3 4 6.3+2.4 53+0.4
AB 20 5
vay AB= [26 15]
* Chuy: ’ o ’
i) Tich hai ma tran chi thuc hién duogc khi sO ¢dt cia ma tran thir nhat bang s6 dong cua
ma tran thir hai.

i) Mudn c6 phan tir & vi tri thir (i, j) ciia ma tran tich ta lay hang i caa A nhan véi cot j
cua B r6i cong lai.

iii) AB=BA.
. . 1 2 7 0 -2
Vidu 5 V61 A= , B=
- 5 3 8 -1 6
7 0 -2
8 -1 6
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1 2 7.1+8.2 0.1+(-1).2 -2.1+ 6.2
5 3 7.5+8.3 0.5+(-1).3 -2.5+6.3
. 1 2\(7 0 -2 23 -2 10
Vay AB = . =
N Y
Ung dung -

Mot shop ban 3 loai hang : Chemise, quan tiy, va jacket. Trong 2 ngay 10/5 va
11/5 lwgng hang ban ra cho trong bang sau :

Ngay ban Chemise Quan tay Jacket
10/5 8 6 5
11/5 7 4 9

Gia von va l3i coa timg loai 1 : Chemise 7$  va 1$/ chiéc.
Quan tay 128 va 2$/ chiéc
Jacket 18% va 3$/chiéc
Thuc hién nhan 2 ma trén :

7 1
8 6 5
112 2 (=
7 4 9
18 3
Doanh thu va l&i ngay 10/5.

Doanh thu va l&i ngay 11/5
Ma tran tich cho ta biét tong doanh thu ( theo gia von) va tong so 18i cua tung ngay.

3. Mét so tinh chit ciia phép céng va nhan ciia ma trin:

Cho matran A, B, C va s6 thuc «, . Khi d6
i) A+B=B+A
i) (A+B)+C=A+(B+C)
i) 0+A=A+0=A
iv) A+(-A)=(-A)+A=0
v) (A+B) =A"+B'
vi) a(A+B)=aA+aB
vil) (a+ pB)A=aA+ BA
viii) Al =1 A=A
Vidu6:

13 2 100 1 3 2
S I L O T
0 0 1 0 0 3 8 3 8
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Bai tdp
1.1 ChoA:(z L 0]; B:(Z 1] ;c:(E’ ‘1] va |2:(1 OJ.T‘lm
4 3 -1 1 3 0 3 01
a)X=3B + C b) Y=B" - C c) Z=3C - B
e) B, ; 1LC; LA; ATB; AT.C ; AA"

d)BC ; CB ; va BA.
R o X Y g | Y —7
f) Timx, y, z théa man : ;1) 11 7x

T‘ hv ~ . X y 2 1_C
g) Timx,y, z, t théa mén : A D

01 0)
. HC-=
1 01

1.2 ChoA:(l 3);8:(2 4] : c::(1 ‘2]
0 1 2 3 -1 2

Thuc hién phép nhan AC ; BC dé thay rang A # B nhung AC = BC.

N
=
<
I
O

h) Tim ma tran M, H théa man : (

(BN
(BN
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§ 2 MA TRAN NGHICH PAO

Ma trdn don vi ¢é tinh chdt sau : A.l=A va |.A=A

1. Dinh nghia :
Cho A 13 mdt ma tran vudng cip nxn , ma tran nghich dao ctia A duoc ky hiéu 1a
Al vacotinhchatsau: AA™=1 , AL A=1 (khido A goila ma tran kha nghich )
(Ma tran khong vudng thi khéng c6 ma tran nghich.)

Vidu I: VGiA:(s 1], B:(_l2 ‘3]

2 1
, 3 1)1 -1 10
Taco AB = . = =1,
2 1)(-2 3 01
. 1 -1)(3 1 10
va BA= : = =1,
-2 3)\2 1) (0 1

Vay B 1a ma tran nghich cia A ; B=A" (dinhiénla A=B™)

2. Tim matrdn nghich ddo

31 ,
Vidu?2: Cho A= [2 J ,taco thé tim At nhu sau :
X X
Bé,t A—l — ( 1 ZJ
X, X,

AAL = 3 LY X X)) (3X+X 3X+X) (1 0
21 X, X, - 2X + X3 2%, +X, Lo 1

3X1 + X2 =1 3Xo +%X4 =0 X1=1 X,=-1
®{13.{24.©{12

2X1+X3=0’ 2X2+X4 =1’ X3=—2 Xg =3
1 -1
Vay : Al=
Ay [_2 3j
3. Cac phép bien doi so cap (PBDSC) trén cac hanq Cua ma

tran : ‘ o
Céc PBSC bao gom : - Doi cho 2 hang,
- Nhan cac phan tir mot hang véi s6 k # 0
- Cong vao mot hang k 1an mot hang khac.
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3110

Vidu 3: Chomatréan(
E— 2101

] dung cac PBDSC trén hang dé bién d6i M thanh

dang ((1)

a/ LAy hang 1 trirhang 2 viétvaovitrih, : hy - h, -> hy
b/ LAy hang 2 trir 2 1an hang 1 viét vao vitrih,  :h,-2h; -> h,.
Puoc ma tran nhu yéu cau:

3110 101 -1 101 1
—h h, -2
(2 10 Jbﬂz 10 1jﬂ[o 1 -2 3}

4. Tim ma trén nghich dédo bang cic PBDSC trén hang

] , ta thyc hién 2 budec :

Cho A 1a ma tran vudng cip nxn.

- Taviét vao phia trai A thém matran I, ki hieu (A|l,).

- Ap dung cac PBPSC trén toan ma tran ( A| l,) dé bién A tré thanh 1, . Khi d6 (
Al l,) tré thanh (1, |A™).

Nhu 6 vi du trén ta d4 bién d6i :

31:10 10 : 1 -1
. - .
21 : 01 01 : -2 3

(All) - (1| A™Y.
. 31 .. , (1 4
Vady A= thi A~ =
2 1 2 3
Vidu 4

1 20
Cho B=|2 4 1} ta tim B™ bang cach viét :
2 51
0
0

1 2 0 10

241:01 lan luot bién di 4 busc:

2 51 0 0 1

al hy-2h; hy ; b/ hy-2h;y shs; ¢ hy-hy—hy, ; d hi-2hy,—h;
100: 1 2 -2 1 2 -2

Tanhandugcmatran: |0 1 0 : 0 -1 1 |vay Bl=| 0 -1 1
001 : -2 1 -2 1 0
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Bai tdp
2.1 Tim ma tran nghich dao ctia cac ma tran sau :
1 2 1 3 31
A: B= =
9) 3 7j b) [1 4} c) C (4 J
1 20 3 2 2 0 21
d A=[2 4 1 e) B=[1 1 1 fyc=[1 4 2
2 51 1 01 1 5 2

2.2 Tim ma tran nghich dao ctia cac ma tran sau :

L 2 105 13 -1 100
a)(5 9J b))1 1 0 c 01 2 dyo 1 0
32 6 -1 0 8 0 01
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§ 3. PINH THUC

1. Khai niém vé dinh thirc

. 8 2
Cho ma tran vudng cap 2x2 : A:(l 4} dinh thirc cua ma tran A 1a 30 duoc

tinh nhu sau : 84 - 21 = 32 - 2 = 30, vakyhiéu det A= 30 hoac
8

A=l

=30 . Pinh thirc nay la dinh thic cap 2 (c6 2 hang va 2 cot)
1
by C= (— 8) , detC=-8 dinhthiccap 1.

2
Vidul: a) B=[ 3j , detB=-43 - 2.1 = -14;

d
e A la ma tran vudng, x6a dong i va cot j cua A ta cO ma tran con M, dinh thirc ciia
ma tran nay goi 1a dinh thirc con det Mj; .

a b
c) K=C , detK=ad - cb.

Phdn bii dai s6 ciaa; 1AC;  |Cy= ( —1)" .det M

ij

Vidu 2: Véi matran

0 3 0 4
17 85
A=
5 8 4 2
6 9 3 1
7 85 185 175 1 7 8
My;=18 4 2=6:Mp=15 4 2=9.M;3=5 8 2=24-My=5 8 4=27
9 3 1 6 3 1 6 9 1 6 93 3
Cu=(-D*6=6 ;  Cp=(1*?9=-9; Ci3 = (-1)'*324 = 24;
Cyy = (-)Y27=-27
2. Dinh thurc
ThS. TROONG QUOC THACH 10
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Cho A la ma tran vudéng cap nxn, dinh thac cia ma train A 14

det(A) = ‘A‘ = Zaljclj = allcll + a12C12 + 6113C13 + a14cl4 .ot aincln

j=L

3. Dinh thirc cip 3

123
Vidu3: ChoG=|4 5 6| Tinh detG (dinh thirc cap 3)
7809
123
Theo dinh nghia detG =4 5 6:1.(—1)25 6‘+2.(—1)34 6 +3_(_1)44 5‘20
789 89 [ 78

Véi dinh thirc cdp 3 ta co thé tinh nhanh theo qui téic
Viét thém cot 1, cot 2 vao bén phai dinh thire :

105 48 72 <« trir céac sb ndy
2
4,5

9X7
45 84 96 <« cOng cac s nay

~N B

Nhén theo cac dudng chéo ( mii t&n ) rdi cong trir theo hudng dan.
detG=159+26.7+348-[753 + 86.1 + 9.42] =45+ 84 + 96 - 105 - 48 -72 = 0

4. Pinh ly Laplace

Cho A 1a ma tran vudng cap nxn thi :
detA=9,C, +a,C,+.......... +a,,C,
(Ta goi day la dinh thirc khai trién theo hang i)

va

detA=a,C; +a,Cpj+omnn. +a,C.
( Binh thire khai trién theo ¢t j )

Vidu 4: Dé tinh det A cua vi du 2, ta khai trién theo hang 1 (vi hang nay ¢6 nhiéu so
0 nén tinh toan ngan hon ) :
det A= a]_lcll + a12C12 + 3.13C13 + 3.14C]_4 =06 + 3(-9) +0.24 + 4(-27) =-135.

5. Mét so tinh chit ciia dinh thirc
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1
1- detA=det AT ; det Al= FETNE det(AB) = det A . detB .

2-Dinh thuc d6i ddu néu d6i chd hai hang (cot).

3-Dinh thuc bang khong néu co mdt hang (cot) toan $60 .
4-Dinh thirc c6 hai hang (cot) glong nhau thi bang 0.
5-Néu mét hang (cot) c6 thira s0 chung thi 6 thé dua ra ngoai.
6-Dinh thirc khong d6i néu cong vao mot hang (cot) , k lan mot hang (cot) khac.
7- Nhan ma tran cap nxn véi mot s6 k thi dinh thuc tang 18n k" lan :
det (kA) = k" (detA) .

Vidu 5 :
3 8 7 1 2 3 5 4 3 9 7
a) |0 0 0=0 . 15 3 8=0 717 = =07 7
-1 55 1 2 3 9 8 7 5} 3
100 50 25 4 2 1
b) 8 7 2| =25.18 7 2
0O 1 9 019
111 3 57
c) 0035 =10 05 (357)=(111)+2.(123).
1 2 3 1 2 3

6. Dinh Iy vé ma trdan kha nghich

Cho A 1a ma tran vudng cip nxn ma det A = 0, khi d6 :

( Néu detA = 0 thi khong c6 A™, ta n6i A 1a ma tran suy bién ).

1
Vidu6: Cho A=|4
9

co O N

3

1
6| ,detA=100,A'= 100
7

Ci1 Cx Cr
Al L Cio Cyp Ch2 o o i
T detA . || véi Cjj la cac phan bu dai so ctia ma tran A.
Cln C2n Cnn

ThS. TROONG QUOC THACH
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. b d -b
* Neu A:(: dj thi |[A™ = " ! bc( c aj day la cach tinh nhanh ma trgn nghich

dao cua mot ma tran cap 2x2.

Bai tap
3.1  Tim ma tran nghich dao :
L ) 1 0 0 -3 -5 0
a) Az(s 4] b) B=j0 2 6 C) cC=[2 4 1 d)G=
0 -4 -12 0 1 -3

3.2  Tinh cac dinh thuec :

10
11
11

0
0
1

304 2 -4 3 2 3 -4 430

a) 232 B 1 2 o4 05 d) 65 2

0 5-1 1 4 - 5 16 973
6 0 0 5 3 5 -8 4
_ 0-2 3 -7
3)123205 Do 1 s
8 3 18 00 0 2

3.3 ChocécmatranA:( 301 ] B:( 201 ] C= (4 1]
2 1 1.3 0

0 3 3 1
a) TimA" .
b) Tim M=A.A". Tinh det M.
c) TimC ™

d) TimXvaYthéa: 3A+X =B , C.Y=A.

2 0 1
»B=_1 3 ¢

a/TimX,Ythoa: A.X =BT b/ YA=B

3.4 Chocacmatrin A=

N e
N RO
=)

3.5 Chocé AC—4O E—61
. 0 cac ma tran “lo 1 =5 1

a/ TimZthoéa 2C - ZT=3E b/ TimY thoa YE=C.
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3.6 Xac dinh s va t dé cac ma tran sau kha nghich

1 0 s -3 -5 0
a)B=|0 2 6 by C=12 4 t
0 -4 -12 0 1 t

84 . VECTO - HE VECTO

1. Dinh nghia Vecto nchidulamotbo n sb thuc co sap Xép .
Ky hi¢u mot vecto X = ( X1,Xz,...,.Xn) ( goi 1a vecto n thanh phan ,vecto n chiéu ).

\ 1 \
Vidu I: a=(1,0,-3) la vecto 3 chieu; b=(2; =) la vecto 2 chiéu.
1

2
Ta ciing c6 thé viét vecto dudi dang cot : &= 01; b= (1 / 5}
-3

Vecto khong 0= (0;0;....; 0)
Hai vecto bang nhau > véi a=(a,,a,,...,a,),b=(b,b,,....0,)

a:b<:>a1:b1,a2:b2, ..... ,an:bn.

2. Cac phép tinh

* Nhin vecto véi so thuc Aa=(Aa,Aa,,..,1a,),x eR
Vidu 2 : 3.(1;0;-3)= (3;0;-9)
*

Cong 2 vecto
Voi a=(a,a,,..,a,),b=(b,b,..,0b)thi |a+b=(a +b,a,+b,...a +b)

Vidu 3: (3;0;-9) + (1;5;2) = (4;5;-7)

3. Mét so tinh chit

Choa,b,c lacac vecto n chiéu, A la sb thuc . Tach:

* a+b=Db+a * (a+b)+c=(a+h)+c
*A.(a+b)=ia+lb * a+0=a+0=a.
ThS. TROONG QUOC THACH 14
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4.T6 hop tuvén tinh

1 iR IS 1,2 k
Vecto x duoc goi 1a to hop tuyen tinh cua cac vecto V-,V ,.....,V'" néu :
1 2 k .
x:/”tlv +ﬂ.2V + o +/1kV V6i A, Ay, ..., A, lacac sb thyc .
Vidu 4 :
3 1 1 1
Cho x=|2| vt=|ol vZ=|1} v3:1,
2 0 0 1
X ¢ phai 1 t6 hop tuyén tinh cta vi,vZ v ?
Giai:
3 1 1 1 |1+|2 +|3 3
2= Il 0 +|2 1 +|3 1| < |2+|3 = 2
2 0 0 1 I5
|1+|2+|3=3 |1=1
Ta c6 hé phuong trinh : lp+l3=2 <ql;=0
ly =2 ly =2
Viy : x= W +0ovZ +2v3 | Tinh x I3 t& hop tuyén tinh ciia v, vZ v
Vidu 5 :
1 1 2
_ 1 . 2 , C s G2 L, ,
X_[Zj -V =[J, v =[2J , X €O phai 1a t6 hop tuyen tinh cta viv? 2
Gidi :

1 1 2 1 Il +2|2
= |1 + |2 = =
2 1 2 2 Il +2|2 !
Ta c6 hé phuong trinh :

I1+2|2 =1
I1+2|2 =2

Hé nay vO nghiém. Vay x khong phai 1 t6 hop tuyén tinh cta viv?

5. Hé vecto doc lap tuvén tinh :

> 14,2 k S LA aa 1A L, X ,
Dinh nghia : Hé gdbm k vecto {V Vo,V } goi la hé déc ldp tuyén tinh néu chi c6

e , e , ~ 1 2 k
duy nhat cac so thuc I, =1, =...... = |, =0thoa man : |1V + |2V + + |kV =0
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Vi du 6 : Cho 2 vecto vi= (1;1), v2 = (1;2 ). Xét phuong trnh

o))l o

Tathay ngay |, = I, = 0 thoa man.
Tatim céac Iy, I, khac :

| | 0 L +1, =0
(") < £I1J+£2I22J=[OJ < {|11+ 2|22 ~0°

Hé phuong trinh nay chi c6 duy nhat I, = I, = 0 théa man. Vay hé 2 vecto {Vl,VZ} 1a h¢
déc Idp tuyén tinh.

Vidu7: Cho3vectd vt=(1,1), v2=(1,2); v3=(223).
Xet phodng trinh :

1 1 2 0 , ,
Il@ ’ IZ@ ’ I{OJ i (OJ tacung thayl =1z =l =0 thoa man.

Tatim cac Iy, I,, |5 khac.

()16l Ho) =)o

L+1,+2l,=0=1 =-1,-2l,
=
L+2l,+3l, =0=-,-21,+2l,+3l,=0

= L+L=0=1,=-l;,chon ,=1= I,=-1,1,=1

Tathay 1v'+1v*-1v*=0. Vay he 3 vec to6 {v',v*,v*} khong fioc lap tuyen tinh , ta
goi he nay la he phu thuoc tuyen tinh.

( Hé khong ddc 1ap tuyén tinh thi goi 12 hé phu thuéc tuyén tinh ) .

6. Khong gian tuyen tinh R"

Nonh nghda : Khong gian tuyen tinh R" la tap hdp tat ca cac vec td n chieu cung voi
hai phep tinh noi 6 tren.

Vi du R? la khong gian tuyen tinh cua cac vec to hai chieu..
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1

0
OJ 2 =[1j hel gom hai vec to6 nay fioc lap tuyen

Trong R? xet hai vec to € =[

tinh , moi vec t6 thuoc R® fieu la to hop tuyen tinh cua hai vec t6 nay. Vi du

N - I | 2
a_(15J thi a=—9e~ +15e

Tanoi e, e? lamot cd sb cua R? (con goai la c6 so fidn vo) .
Toong to cd sd fidn vi cua R® gom cac vectd ( 1;0;0), (0;1;0) , (0;0;1).

Bai tap

41 a)Chocacvectoa=(2;3); b=(-1,0); c=(2;2) va 0=(0;0).
Céc vecto trén c¢6 phai 12 t6 hop tuyén tinh ciia 2 vecto v! = (1;0) va v2 = (1;1).

b) Cho cac vecto d=(3;1;4); e=(2;1;2); g=(3;-3;2), cac vecto trén co phai

la cAc t6 hop tuyén tinh cta 2 vecto  ul = (1;1;0) va u? = (2;-1;1).

4.2  Xéttinh doc lap tuyén tinh / phu thudc tuyén tinh cua cac hé vecto sau :
) {v' =(3,0; v* =(0:1)} b) {v! = (1;0); v* = (0:1) ; v¥=(3;-3)}
c) {v} =(1,0); v =(0;1); v* =(0;0).}

43 Choa=(100);b=(110);c=(L;1;1) ;d=(342).
Xét tinh doc 1ap tuyén tinh / phu thudc tuyén tinh cia cac hé vecto :

a) {a,b,c b) {a,b,c,d} ¢) {a,b,d}

4.4  Xéttinh doc lap tuyén tinh / phu thudc tuyén tinh cua cac hé vecto :

-3 6 _
2 ) . 0770 8 1 [-2
a) ; ; b) -6;14 ||-4 )| e 1
0 3 0 1 -2 13 > 0
3 4 3
1 3 2 0
=10 |=7| |7
dy|3 [ [0 -7} |2 e l1 [ls | |-
-5 [-5| |3 7 0 ) 6
ThS. TROONG QUOC THACH 17
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§5 . HANG CUA MA TRAN

1. Ma tran dang bac thang :

Xet cac ma tran sau :

1
033 3301 0 2 2 2 0 3
0 3 2 4
A:OOO8 B=|0 4 4 2/ C=/0 0 0| D=11 4
0 301 0 2 3 0 0O
0 00O

Ma tran A la dang bac thang ,cac ma tran B,C,D khong phai dang bac thang .
Nonh nghéa : Ta goi A la co dang bac thang neu trong A cac hang toan so 0 (neu co)

fieu nam dodi cung. Trong hai hang khac 0, phan té khac 0 fiau tien cua hang nam
tren thi 6 ve phia trai so vdi phan t6 khac 0 fiau tien cua hang nam doai.

Nonh ly : Moi ma tran fieu co the fida ve dang bac thang bang cac phep bien fioi s6
cap tren hang .

2. Hang cua ma tran

Nonh nghoa 1 : Hang cua mot ma tran bac thang la so hang khac 0 cua no .
Trong vi du tren hang cua matran A la 3 . Ky hieu rank A = 3, hoac r (A) = 3.
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1 03 2 4 10 1 2 1 00 3
Viduil V¢i E=|0 1 0 3 1§ FZ[O 1 4 S}Gz 010 4
0 00O0TGO 0 01 -6

r(e)=2, r(F)=2, r(G)=3.

Nonh nghéa 2: Cho A la mot ma tran bat ky rank A = rank A’ ,voi A’ la ma tran bac
thang nhan Ad6c to ma tran A bang cac phep bien fioi s6 cap tren hang .

(Nhu vay hang khong d6i néu ddi chd cac hang cia ma tran)

1 2 3 2
Vi du 2: Tim hang cua matran H: H={2 1 0 1 ta ida ve dang bac thang
4 5 6 5
1 2 3 2 1 2 3 2 1 2 3 2
h, —2h, /
H=12 101 4 0 3 -6 -3 -h,|0 -3 6 -3|=H
4 5 6 5 h, = 4h, 0 -3 6 -3 0O 0 0 O

r(H)=2 vay r (H)=2
Pinhly1: r(A)=r(A")

Dinh Iy 2 © Hang ciia mdt ma tran la p nghia 1a trong né co it nhat mot dinh thirc con
khac 0 cap p , moi dinh thirc con cap 16n hon p déu bang 0 .

Mot soi vi du:

Bzﬁ i’ SJ K(B)=2
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, I(F)=3.

'|'|
Il

o ok

o L, N

N W

Quy wéc : Hang ciia ma tran 0 bang 0.

Bai tap
5.1 Tim hang ctia cac ma tran sau :
1000
1000
A=(0 100 ; B= © C=|0100
0100
0010
12
12 3 4 1111 41
D=4 2 3 1| ; E=|2 2 ; F=lg |
0000 3 3
00
5.2 Tim hang ctia cac ma trdn sau :
1 -3 4 -1 9
1 -4 9 -7 1 0 -15
2 -6 8 -2 18
al-1 2 -4 1 b)0 -2 5 6| )
0 0 0 0 O
5 -6 10 7 0 0 0 O
3-9 4 9 0
5.3 Bien luan theo tham so. m hang cua ma tran
ThS. TROONG QUOC THACH 20
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25 1 m 2 m O
a) A=|1 2 -1 3 b) B= 1 3
01 3 2 1 3 3

§ 6. HE PHUONG TRINH TUYEN TINH

1. Mot so khai niem

3% -5X, =—-12 (1)
2X1 + 5X2 =17 (2)
tuyen tinh . Ta coithe giai nho sau :

(1) +(2)cox,=1thévao (1) c6x,=3.Tanoi (1;3)langhiém duy nhét cta h¢
phuong trinh d& cho.

Vidu I: Tim X; , X, thdéa mén :{ fiay la mot he phdong trinh

Dang tong quat ctia hé phuong trinh tuyén tinh 13 :
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allxl + a12 X2 s P + aln Xn — bl
a21X1 + 822X2 i + azn Xn = b2
™) :
amlxl + am2 X2 + ........... + amn Xn = bm

Hé trén c6 m phuong trinh va n an sé . Nghiém cta hé 14 cac gia tri ma khi thay
Vao Cac Vi tri ciia Xq , Xa , ... , Xy ta ¢6 m dang thuc déu dang.

Cé4c s b; goi 14 c&c hé sé tu do.

Gidi hé phwong trinh 1a tim tdt cd cdc nghiém ciia né .
. " 3 -5 . 1s 3 A X N
Quaylaividul: Matran A= (2 . ] goi la ma trgn hé so , ma tran

3 -5 -12 )
AlB = (2 5 17 j goi 1a ma trgn hé so mo réng cia hed phuong trinh da cho. Ta

-12 X1
dat ma tran B :( 17 J , X = (XZJ' Ta c6 AX =B , day la dang ma trgn clia hé

phuong trinh.
* He thuan nhat

He phdéng trinh thuan nhat la he.comatran B =0
Vidu?:

Xp+2Xy) —X3 =0
Hea{

X, +3%g = 0 la he thuan nhat.

Thay ngay X1 = X2 = X3 = 0 la mot nghiem, nghiem nay goi la nghiem tam th6dng
('ngoai ra hei con co the co nghiem khac nda ).

Dinh Iy :
e Néu r(A) = r(A|B)=n thihé cé mot nghiém duy nhat (n 12 sé 4n sé).
e Néu r(A) = r(A|B)< n thihécoé vosb nghiem .

e Néu r(A) < r(AlB) thi hé vo nghiém.
i A 3X1+X2=1 )
Vidu 3 : Cho h¢ _2X1_X2=5,taco.
a-[® 1 A)=2 : AlB= o A/B)=2
- -2 1 r( )_ ’ - -2 -1 5 ’r( )_ '

Vay r(A)=r(A|B)=2
n=2, h¢ c6 mdt nghiém duy nhat (x;=6 , X,=-17).
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oy , 3 +X, =1 @
Vidu 4 : Cho he : {3x1+x2=0(2)

Ta co:

31 311
A= r(A)=1; A/B= r(A/B)=2
(3 J (3 1 Oj
Vay he vo nghiem .
X, +2X,=1

Vidub: Giaihe: {2x1+4x2 )

1 2 121
A:(2 4} r(A) =1 A/B:(242j r(A/B)=1,

He covosoinghiem :(1;0) , (-1;1) , (-3;2) ..

2. He phoonq trinh Cramer

Nonh nghia : He Cramer la he co ma tran he so A vuong ( so an so bang vdi so
phoong trinh ) va det A = 0.
Nonh ly : He Cramer co mot nghiem duy nhat tinh theo cong théc :

det A, . det A, .. detA,

X _ X = :
1~ getA 2 7 geta " detA

matran A, nhan i6dc bang cach thay cot i bang cot B trong ma tran A.

2%y +3Xy — X3 =1

Vidu6: Giaihe | X1 +2X2-X3 =-1
3%y +4Xy —2X3 =0

Giai :

-1 |=det A= cA=-1 2 -1 :>detA1_—2
3 4 -2 0 4 -2

2 - 2 3 1
Ay =1 -1 -1 :detAz_O cAg=|1 2 —1|=detA;=-3
3 0 -2 34 0

Vay nghiem duy nhat la X1 =2 ;X =0 ; x3=3 |

Louy : Neu detA = 0 thi ta phai s6/ dung phtong phap khac fiel giai.
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3. Phodng phap dung ma tran nghoch fiao

Ta fia biet he ph6dng trinh col the viet d66i dang ma tran la : A .X = B nhan
A vao hai vel, ta duoc:
AA . X=A'. B o ILX=A'B o X=A'B.

0 -2 1
Trolai  vidu6,tatinhficoc A =1 1 -1
2 -1 -1
Ta co nghiem cua hella:
0 -2 1 1 2
X=AB=|1 1 -1||-1|=|0][.
2 -1 -1)10 3

§7. PHOONG PHAP GAUSS

Noi dung cua phddng phap Gauss:
Ne tim nghiem cua mot he ph6ng trinh ta iddc phep :
- Noi chol hai phédng trinh
- Nhan hai ve cua mot phdong trinh vai so khac 0
- Cong vao mot phdong trinh k lan mot phédng trinh khac .

Ba phep bien fioi tren cho ta mot he mdi t6ong fiddng voi he cu ( tdc la hai he
co nghiem giong nhau hoac cung vo nghiem).
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Phdbdng phap Gauss (con goi la phédng phap khd an lien tiep) tien hanh 3
phep bien fioi tren ( con goi la phep bien fioi s6 cap) fioi vOi ma tran he so md rong
cua he phtong trinh.

X] + Xy + X3 =2

Vidu1:Timnghiemcuahe |3X1+2X2 +2x3=4

X1+ X3 =1
Ta dung phdong phap Gauss fida ma tran ve dang bac thang:
1112hlh30101 01 0 1
32 2 4 0 2 -11h-2h|0 0 -1 -1
h,—3h, -
101 1—~——=10 11 10 1 1

01 0 1 1 000
h+h|0 0 -1 -1/heoh |0 1 0 1
100 0Jhe—h\0 011

X, +0x,+0x,=0

Matran nay la cuahe { 0x, +x,+0x;,=1

Ox, +0x,+Xx, =1
Vay nghiem cua he phddng trinh fiau lax; =0 ,x, =1, x3=1.
Xy —3x3 =1

Vidu 2 : Giaihe 2% + X% =1
4% + Xy —6X3 =4

Giai
10 -3 1 2hl10—31 1 0 -3 1
2 1 0 1h2 s 01 6 -1lh,-h (0 1 6 -1 r(A)=2 , r(AB)=3
41—64;“0160 00 0 1

Hang cuoi la phéong trinh : 0x; + 0x, + Ox3 = 1
Vay he nay la vo nghiem.

* Khi xuat hien mot hang ma phan t6 cuoi khac 0, cac phan té con lai bang 0,
ta ket luan : he vo nghiem .
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X1+ X0 +X4 =1

Vidu3: Giaihe 12X+ X2 +2X3+2X4 =4
3Xy + Xp +4X3 +3X4 =7

Giali :
11011 1 1 011 1 1 011
h, —h, —2h
212 2 4 0 -1 20 2/h,>h-2h[0 -1 2 0 2
h; > h;-3h -
314 37 0 -2 4 0 4 0 0 00O
10 213
h
hl%hl+201—202
h, > (=h,)
00 0O0 O
Loai bo h; con lai : (1 0 2 1 3]ta co mot ma tran bac thang
01 -202

r(A)=r(AB)=2<n n=4

Cho x3=t; Xxs=s (t, slacacsothoctuyy)

Suyra: x;=3-2t-s ;X;=2+ 2t flay la he nghiem tong quat cua he phdbng trinh
fia cho .

* He phoong trinh coivo so nghiem ( X4, X, goi la an chinh , so an chinh bang fiung
r(A), cac an con lai xs, X4 laran phu)

§8. MO HINH INPUT - OUTPUT CUA LEONTIEF

Gia s6 mot nen kinh te co hai nganh A va B. Ne san xuat 1 $ hang loai A
phai tieu ton 0,4 $ cua chinh loai hang nay va 0,1 $ hang loai B. Tddng td': fiel lam ra
1 $ hang loai B phai s6 dung 0,2 $ hang loai A va 0,6 $ hang loai B .

1 |-

04% 0.1%
0.2% 0.6%
) ;
«— — —
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0.6$ 1$ 1$ 0.7$

0.5 1 04
(0s) P=() °=[os
Nho vay, neu nen kinh te tao ra 1 $ hang loai A va 1 $ hang loai B thi chz co
0,4 $ hang loai A va 0,3 $ hang loai B cung 6ng cho nhu cau ben ngoai .

0.4% 0.3%

04 01
Matran M :(

goi la'ma tran Input-Output cua nen kinh te.
02 06

o _ a$ | hang loai A
Neu tong gia tro san 166ng cua nen kinh te la P =

b$ ) hang loai B goi tisu thu
0,4a$+0,1b$

noi bol (internal use) la U thi U=M.P = ( J va neu goi D la phan cung

0,2a$+0,6b$
ong cho nhu cau ben ngoaithi D=P-U=P - M.P.

D=IP-MP=(I-M)P = P=(I-M)'D.

Ma tran ( I- M) co ten la ma tran Leontief. Ta co :
San 166ng fau ra = Ma tran Leontief nghich x Nhu cau ben ngoai

Gia s6 neu nen kinh te tren colnhu cau ben ngoai la :
~ [15$j hang A

= hang B thi P phai bang bao nhieu ?

19%
o_ 1 0) (04 01 115 (06 -01 1115 (182 036)(15) (3591$
“lo 1) (02 06| 119) (-02 04 ) 119) (091 2,73/119) |65,46$

Mo hinh Input - Output la cong trinh cua V. Leontief ( giai Nobel ve kinh te: nam
1973). Khi phan tich nen kinh te: My, ong fia chia ra thanh 6 nhom nganh va co mot
ma tran Input - Output cap 6x6 .

Bai tap
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8.1 Giai cac he phdbng trinh sau bang ca 3 phédng phap ( Cramer, Gauss, dung ma
tran nghoch fiao ):

3X+y=7 X+4y=0 3X+y=3 x-3y=1
A 1oxiy=8 D Ix+5y=1 9 lsxt2y=-1 D)sx—9y-3
8.2 Giai cac he phoong trinh sau bang phdéng phap Gauss ( sau fiol la phdéng phap
Cramer neu A60C) :

X —3X3 =2 X1 + X9 —5X3 =3 X1 +5Xp +2x3 =1
a) 3X1+X2—2X3=5 b) X1—2X3=1 C) —X1—4X2+ X3=6
2X1+2X2+X3=4 2X1—X2—X3=O X1+3X2—3X3=—9

X; +2X =4 Xy +5X3 =—-4
! 2 2 3 9X1 — Xp +3X3 =0

d) ™% +3Xy + 3X3 =2 e) | Xa+4Xa+3x3=-2

4X1 —3X2 +7X3 =0

Xo +X3 =0 2X1 + 71Xy +X3=-1

8.3  Giai cac he phoéng trinh : an soi la x,y,z,u,v,w ..

X+y=-27 X+y+w=1
_ X+y-2z=0 _
a) 3x+4y=4 b) {2x+2 0 c) 2X+y+22-2w=4
4x -8y =3z y+z= 3X+y+4z+3w=7
2x+y=1 X=2y+z=-6
4Xx+12y-72-20w =22
d) Ax+y—-6z=4 e) f) 2X-3y =-7
K37 21 3Xx+9y -5z -28w=30 Cx+3y-3z=11
3x+3y+12z=6
9) X+y+4z=2
2x+5y+20z=10
-X+2y+8z=4
8.4  Giai va bien luan theom :
X{ —2X9 + X3 =M X+y-z=2
a) 12x —5%x; +x3 =2m-1 b) X+my-mz=2
Xy + Xz =m+1 @+m)x+2my—-mz=3

8.5 Mot lang nhol co 3 nganh san xuat : gao, vai , thit, ién vo tien te la t. Ne san
xuat 1t gia tro gao, dan lang phai tieu ton 0,3 t gao ; 0,1 t vai va 0,2 t thit. Ne lam ra
1 t vai phai ton 0,2 t gao ; 0,2 t vai va 0,2 t thit. Ne san xuat 1 t thot ton 0,4 t gao; 0,3 t
vai va 0,1 t thot .

a) Lap matran Input - Output cua nen kinh te!.
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b) Neu nam nay nha cai tro fiat méc giao nop cua lang la 15.000 t gao ;
8.000 t vai ; 9.000 t that thi dan lang phai san xuat ra moi loai hang gia tro
san 166ng la bao nhieu ?

8.6 Mot nen kinh teico 2 nganh Y va Z, fie lam ra 1 $ san pham Z phai tieu ton 0,2$
san pham Y va 0,3$ san pham Z ; Ai¢ lam ra 1$ san pham Y phai tieu ton 0,4$ san
pham Y va 0,2$% san pham Z. Neu nhu cau ben ngoai la 24.000$ san pham Y va
19.000% san pham Z thi nen kinh te phai san xuat tong cong bao nhieu san pham
Y , bao nhieu san pham Z ?

8.7 Tim m fie he ph66ng trinh sau co mot nghiem duy nhat :

X] —2Xp + X3 =1
2Xq + Xy —Xz3 =2
X1 —3Xp + mMx3 =0

8.8 Mot coa hang the thao co mot lo hang 31 qua ta ( gom cac loai 1kg , 2kg va 5

kg ), tong trong 166ng can Adoc 92 kg. Khach hang A fiong y mua toan boi lo hang

vOi fileu kien soiqua ta loai 5kg khong qua 9 qua. Khach hang B fiong y mua toan
bo lo' hang vai fieu kien so qua ta 2 kg phai bang so qua ta 1 kg. Coa hang col the
thoa man yeu cau cua khach hang nao?
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